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Abstract
A yield-stress fluid behaves effectively as a solid for stresses below a critical threshold.
Examples include soap foam, peanut butter, aloe gel, and sand – materials that can hold
their shape under their own weight, but which can be reversibly reshaped by external forces.
Notably, yield-stress fluids are capable of suspending macroscopic particles much larger than
the size of a fluid structural element, preventing the particles from either rising with buoyancy
or sinking due to their weight. Of course these particles can be put in motion by stirring the
fluid, but there are other means by which the particles can be displaced.
We focus on two complex flow scenarios in which initially suspended
density-mismatched particles are set in motion by external conditions. In the first, the
motion of air bubbles in fresh concrete is considered. Simple model materials, a well-studied
yield-stress fluid (Carbopol in water) and a granular medium (millimetric glass beads in
silicone oil), are compared to fresh concrete in lab-scale vibration experiments and rheology
measurements. The granular medium demonstrates the same fluidization phenomenon as
the fresh concrete in response to vibration, suggesting granular force-chain dynamics can
rationalize the effect of vibration on concrete. This understanding is used to explain the
mechanism of air bubble motion during vibration. More fundamental questions are raised,
however, since both Carbopol and the granular medium are jammed, repulsive systems
characterized as soft glassy materials – systems of disordered, metastable particles unified
under a common rheological behavior. Two parameters are proposed to distinguish granular
materials, and the use of these parameters is demonstrated with the model materials.
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In a second study, an isolated particle in a nongranular yield-stress fluid whose
container is subject to abrupt accelerations is considered. Through careful choice of fluid
properties and acceleration forcing function, counterintuitive behaviors are experimentally
observed: sinking air bubbles and rising steel spheres. This phenomenon is rationalized with
theory, but new considerations are necessary for a quantitative analysis. A modification
to a suspension criterion found in the literature is proposed to account for rigid-body
accelerations, and its viability is tested in a novel experiment. Additionally, the yield
stress measurement for this scenario is reconsidered: Is the steady-state rheology necessarily
relevant to a flow occuring on a timescale of hundredths of seconds? Using a new
interpretation of the input conditions in strain-controlled rheological tests, transient rheology
measurements are made that are more emblematic of the flow conditions seen in the sinking
bubble phenomenon. It is demonstrated that the yield stress can be a function of the
deformation timescale of the flow, and when this transient yield stress is factored into
the modified suspension criterion, the critical value observed during the sinking bubble
phenomenon is placed into agreement with the critical value for quasi-static flow.
iii
Acknowledgments
There are many people who have contributed to my rewarding and enjoyable
experience while at the University of Illinois. Foremost on this list are my advisors, Randy
Ewoldt and David Lange. I was lucky to be able to work with two professors who, beyond
being authorities in their respective fields, were patient and enthusiastic mentors, willing to
let me explore new ideas and bringing focus when I needed it. I looked forward to every
meeting I had with them because I knew it would renew my excitement for research.
I am grateful that Professors Arne Pearlstein and Kyle Smith agreed to serve on my
Ph.D. committee. Both helped me grow as a scientist, encouraging precision and clarity in
my presentation and writing, and both provided excellent career guidance as I neared the
end of my studies. I also had the opportunity to work closely with Professor Pearlstein as
a teaching assistant, from which I received considerable insight into his perspective on a
university education. I anticipate this will be one of my most valuable experiences from my
time in Urbana.
I thank Professor Kenneth Christensen (now at University of Notre Dame) for his
mentorship in my first year. I also thank Professors Sascha Hilgenfeldt, Gabriel Juarez, Kyle
Riding (of Kansas State University), and Dr. Blake Johnson for their valuable advice, both
scientific and personal. I appreciate the willingness of Professors Yuhang Hu, Alexander
Vakakis, and Amy Wagoner-Johnson to discuss research and share equipment. And I am
grateful for Professor Dimitrios Kyritsis (now at Khalifa University), who has been an advisor
and friend since I was an undergraduate.
iv
The MechSE staff, in particular Kathy Smith and Ruthie Lubkeman, removed many
hurdles for me as I progressed through the program. The CEE machine shop, in particular
Darold Marrow, took my rough idea for a vibration mechanism and built a better one.
Jarod Garbe of Festo helped me design the pneumatic actuator experiment and provided
the essential equipment at no cost. To these people I am extremely grateful – this dissertation
would not have happened without them.
My graduate school experience was made enjoyable by my fellow graduate students.
In particular I would like to thank Brendan Blackwell, Daniel Castaneda, Gaurav Chaudhary,
Rebecca Corman, Arif Nelson, and Piyush Singh, who were excellent resources in the lab and
excellent friends overall. I also must thank the friends I made outside of school who provided
significant balance to my life, including Roger Bowen, Michael Kleiss, Dustin Norder, and
Samuel Payne.
Finally, I wish to thank my parents, grandparents, sister, and Marta, who were and
are pillars of support.
v
Contents
Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Yield-stress fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Carbopol, a model yield-stress fluid . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Aims of this dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
Chapter 2 Vibration of fresh concrete understood
through the paradigm of granular physics . . . . . . . . . . . . . 9
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Materials and methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.2.1 Description of concrete and surrogate materials . . . . . . . . . . . . 12
2.2.2 Rheological measurements and vibration environments . . . . . . . . 14
2.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.1 Air void removal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.2 Vibration-dependent rheology . . . . . . . . . . . . . . . . . . . . . . 19
2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.4.1 Interpretation of experimental results . . . . . . . . . . . . . . . . . . 21
2.4.2 Mechanism of vibration: force chain disruption . . . . . . . . . . . . . 22
2.4.3 Depth dependence and radius of action . . . . . . . . . . . . . . . . . 24
2.4.4 Limitations of this work . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.6 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
Chapter 3 Distinguishing glasses and granular matter
with depth- and vibration-dependent rheology . . . . . . . . . . 33
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.2 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.2.1 Concrete vibration-dependent rheology . . . . . . . . . . . . . . . . . 36
3.2.2 Depth-dependence in granular materials . . . . . . . . . . . . . . . . 37
3.2.3 Hanotin model for vibration-dependent rheology . . . . . . . . . . . . 38
3.3 Materials and methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.4.1 Depth-dependent rheology of glassy/granular materials . . . . . . . . 42
3.4.2 Vibration-dependent rheology of glassy/granular materials . . . . . . 42
3.4.3 Application of constitutive model . . . . . . . . . . . . . . . . . . . . 43
vi
3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.1 Proposed dimensionless parameters . . . . . . . . . . . . . . . . . . . 47
3.5.2 Cooperativity length . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
Chapter 4 Sinking bubbles and a modified yield-gravity parameter . . . . 56
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.2.1 Buoyancy from a rigid-body acceleration . . . . . . . . . . . . . . . . 58
4.2.2 Governing equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.2.3 Modified yield-gravity parameter . . . . . . . . . . . . . . . . . . . . 62
4.2.4 Conditions to achieve a sinking bubble . . . . . . . . . . . . . . . . . 64
4.3 Materials and methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.3.1 Apparatus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.3.2 Yield-stress fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.3.3 Data processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.4.1 Observation of sinking bubble . . . . . . . . . . . . . . . . . . . . . . 72
4.4.2 Regime map for onset of motion . . . . . . . . . . . . . . . . . . . . . 76
4.4.3 Displacement measurements . . . . . . . . . . . . . . . . . . . . . . . 80
4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.6 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.7 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
Chapter 5 Yield-stress rheology during highly transient flows . . . . . . . . 85
5.1 Introduction and background . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.2 Description of equipment and testing protocol . . . . . . . . . . . . . . . . . 89
5.2.1 Rheometer and geometry detail . . . . . . . . . . . . . . . . . . . . . 89
5.2.2 Carbopol preparation . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2.3 Testing protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.3 Data processing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.3.1 Stress corrections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.3.2 Thixotropic time scale . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.4.1 Start-up shear . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.4.2 Amplitude sweep . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.4.3 Thixotropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
5.5 Summary and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
5.6 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
Chapter 6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.1 Summary of contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
6.2 Topics for future research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109
6.3 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
vii
Appendix A Supplementary information for Chapter 2 . . . . . . . . . . . . 113
A.1 Lab-scale vibration probe . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
A.2 Repeatability of concrete measurements . . . . . . . . . . . . . . . . . . . . . 115
A.3 Additional intruder particle experiments . . . . . . . . . . . . . . . . . . . . 117
A.4 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
Appendix B Stress correction for torque at the geometry support . . . . . 119
Appendix C Mathematical details of Chapter 4 . . . . . . . . . . . . . . . . . 122
C.1 Neglecting particle inertia . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
C.2 Sinking bubbles and Newtonian fluids? . . . . . . . . . . . . . . . . . . . . . 125
Appendix D Design of the sinking bubble experiment . . . . . . . . . . . . . 127
D.1 APS 400 ELECTRO-SEIS Long Stroke Shaker . . . . . . . . . . . . . . . . . 129
D.2 Instron ElecroPuls E1000 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
D.3 Bose BioDynamic 5100 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
D.4 Custom pneumatic actuator setup . . . . . . . . . . . . . . . . . . . . . . . . 131
Appendix E Prediction of sinking bubble phenomenon
in shear-thinning power-law fluids . . . . . . . . . . . . . . . . . 135
E.1 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142
Appendix F Additional stress overshoot data . . . . . . . . . . . . . . . . . . 143




This dissertation explores the conditions under which a density-mismatched particle,
initially suspended in a yield-stress fluid, can be put in motion by externally imposed
rigid-body accelerations. Rheological data collected from nonstandard protocols are used to
rationalize experimentally observed non-Newtonian flow phenomena. The first phenomenon,
vibration-induced air bubble release from the surface of fresh concrete, is understood using
a novel application of a granular constitutive model found in the literature. The second, a
bubble driven to sink in a simple yield-stress fluid through asymmetric periodic motion, is
a phenomenon first described here whose analysis requires new considerations that extend
quasi-static approaches in the literature to dynamic conditions. Necessary to the analysis of
both phenomena are distinct rheological descriptions that are more detailed than common
yield-stress constitutive laws. Two related studies emerge naturally from this work: an effort
to propose parameters that delineate granular materials from soft glassy systems, and an
investigation of transient yield-stress rheology.
1.1 Yield-stress fluids
A yield-stress fluid behaves effectively as a solid for applied stresses below a critical
value (“the yield stress”). This unique material property makes many flow phenomena
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possible – examples are presented in Figure 1.1, from [1].
Figure 1.1: Yield-stress fluids are widely encountered in nature and in consumer products.
Numerous flow configurations of yield-stress fluids, including examples involving idealized
laboratory investigations, (a) drips, (e) a fluid avalanche, (h) particle fractionization, and
(j) Saffman-Taylor fingers; consumer products such as (b) toothpaste and (k) ketchup; and
locomotion of animals such as (c) mudskippers, (d) sandworms, and (f) snails.†
Perhaps the most practically useful phenomenon among all non-Newtonian fluids
is the capability of a yield-stress fluid to suspend a sufficiently small density-mismatched
object indefinitely, preventing it from either rising with buoyancy or sinking due to its
weight. This phenomenon is essential to many industries where it is desirable to create a
stable, homogeneous fluid with embedded particles, as in numerous consumer goods. In
other industries, the phenomenon is an obstacle that must be overcome – relevant for this
dissertation: large air pockets entrapped in fresh concrete must be removed to produce
a durable final product. The scenario in which a particle moves or remains arrested
†Reprinted from Annual Review of Fluid Mechanics, 46(1), N.J. Balmforth, I.A. Frigaard, and G. Ovarlez,
“Yielding to stress: recent developments in viscoplastic fluid mechanics”, 121-146, Copyright (2014), with
permission from Annual Reviews.
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in a yield-stress fluid due to gravitational forcing has received considerable attention in
the literature [2–9]. Despite the attention the subject has received, there is still notable
disagreement between computational results and experimental observation, which is perhaps
attributable to details of the yielding process not captured in the models [10].
In this dissertation, the motion of a density-mismatched particle in a yield-stress fluid
is induced by means other than gravitational forcing. In Chapter 2, density-mismatched
particles are removed from a granular medium through the application of uniform vibration,
and in Chapter 4, particles achieve rectified (unidirectional) motion in a yield-stress fluid
through periodic rigid-body accelerations. The approach to the study of these problems
is summarized in Figure 1.2 – the “big picture of rheology” involves connecting fluid
microstructure to measurable material properties, and connecting material properties to
flow phenomena.
Figure 1.2: In the “big picture of rheology” [11], the microstructure of a complex fluid (left‡)
causes the development of non-Newtonian material properties (center) which give rise to
interesting flow phenomena (right). In this dissertation, two problems are addressed where
there is an incomplete understanding of the material properties: necessary to understand
the observed flow phenomena are rheological descriptions that go beyond simple yield-stress
models.
For this dissertation, the microstructures of the materials are taken as known, and
observations of the flow phenomena serve as starting points for research. What is left
is to describe the relevant material properties that explain the phenomena. While the
‡Reprinted from Journal of Non-Newtonian Fluid Mechanics, 144(1), J.M. Piau, “Carbopol gels:
elastoviscoplastic and slippery glasses made of individual swollen sponges: meso- and macroscopic
properties, constitutive equations and scaling laws”, 1-29, Copyright (2007), with permission from Elsevier.
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materials studied in this dissertation have been described in the literature using simple
yield-stress models, it will be demonstrated that the phenomena of interest require a
rheological description more detailed than can be captured in such simple models.
1.2 Carbopol, a model yield-stress fluid
Carbopol, an aqueous polymer microgel particle suspension, is featured in all
experimental works in this dissertation – as the representative simple yield-stress fluid/soft
glassy system in Chapters 2 and 3, as the medium in which the “sinking bubble” phenomenon
is demonstrated in Chapter 4, and as the subject of the associated transient rheology
measurements in Chapter 5. It is described in the next paragraph.
Physical structures within a complex fluid can lead to the development of a fluid
yield stress [12], with these structures emerging from a broad spectrum of micro/mesoscopic
behaviors [13, 14]. Carbopol derives its structure from the mostly repulsive interaction of
polymer microgel “sponges”: high (mass-averaged) molecular weight ((21 ± 3) × 106 [15])
crosslinked acrylic acid polymer bundles that, after being dispersed in water and neutralized
by an alkaline agent, swell to a size of 2-20 µm [16] and jam. The result is a soft
glassy system [17], where the sponges are structurally disordered and metastable [18]. The
rheology of Carbopol is most frequently described using the Hershel-Bulkley model [19]
without appreciable thixotropy [20] – that is, the material restructuring times are considered
negligible. Images of the mesostructure collected from literature can be seen in Figure 1.3.
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Figure 1.3: Experimental observation and schematic representations of the microstructure of
Carbopol. (a) SEM observation of 0.04wt% Carbopol 940 at 2000× magnification; (b) SEM
observation of 2wt% Carbopol 941 at 5000× magnification; (c) schematic characterizing the
swollen sponge-like structure of Carbopol; (d) schematic suggesting the granular-like nature
of Carbopol 980.§
1.3 Aims of this dissertation
The aim of the research presented in this dissertation is to rationalize the causes of
particle motion in two non-Newtonian flow scenarios. The first is the motion of air bubbles
§(a),(c) Reprinted from Journal of Non-Newtonian Fluid Mechanics, 144(1), J.M. Piau, “Carbopol gels:
elastoviscoplastic and slippery glasses made of individual swollen sponges: meso- and macroscopic
properties, constitutive equations and scaling laws”, 1-29, Copyright (2007), with permission from Elsevier.
(b) Reprinted from Colloid and Polymer Science, 281(7), J.Y. Kim et al., “Rheological properties and
microstructures of Carbopol gel network system”, 614-623, Copyright (2003), with permission of Springer.
(d) Reprinted from Rheologica Acta, 40(5), G.P. Roberts and H.A. Barnes, “New measurements of the
flow-curves for Carbopol dispersions without slip artefacts”, 499-503, Copyright (2001), with permission of
Springer.
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during vibration in fresh concrete (Chapter 2). Vibration is commonly applied to fresh
concrete to encourage flow around obstacles and to remove large air voids that are detrimental
to the strength of the hardened concrete. Despite its ubiquitous use, the mechanism by which
vibration causes concrete to flow and release entrapped air voids is not well understood.
This dissertation approaches the problem from a rheological perspective, using comparatively
simple model fluids, a jammed polymeric microgel suspension and a wet granular material, to
attempt to replicate the phenomenon observed in fresh concrete. The wet granular material is
identified as a suitable surrogate for the behavior of concrete, and the mechanism of bubble
motion is rationalized using ideas from granular physics, providing a heretofore unknown
explanation of why vibration “works” on concrete. However, the disparity in the responses
of the model fluids, despite their apparently similar structure and yield-stress rheology, spurs
an additional, fundamental question: What does it mean to be “granular”? Are all jammed
systems “granular”? Through depth- and vibration-dependent rheology, granular materials
are distinguished from other jammed soft glassy systems, providing metrics to explain why
the jammed polymeric microgel suspension is not granular (Chapter 3).
The second scenario involves a nongranular, jammed, soft glassy system with a
density-mismatched particle initially suspended by the fluid yield stress. If the system is
subjected to a periodic (but asymmetric) rigid-body acceleration, the initially suspended
particle can achieve rectified motion, including in a direction that goes against gravitational
expectation (Chapter 4) – air bubbles sink and metal spheres rise. This interesting
phenomenon is rationalized with theory, including the identification of a suspension criterion
that accounts for the effects of rigid-body acceleration. Important is the measurement of
transient rheology. It is found that the yield stress increases with decreasing deformation
timescale, or increasing flow “abruptness” (Chapter 5), i.e., that the steady-state yield stress
is not the effective yield stress during the highly transient acceleration event.
These two studies represent scenarios in which “the” yield stress of a fluid actually
varies as a function of conditions in the environment. The first study, where the yield
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stress of concrete is eliminated by vibration, is a new understanding of the material using a
constitutive law and concepts found in the literature. The second, where the yield stress of a
soft glassy system increases on short deformation timescales, is a novel measurement, distinct
from the shear-thickening phenomenon [21]. The results are therefore both practically
relevant, as understanding the motion of particles in yield-stress fluids is key to many
industries, and academically interesting.
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Chapter 2
Vibration of fresh concrete understood
through the paradigm of granular physics
This chapter focuses on understanding how vibration affects fresh concrete. Fresh concrete is
often cited as an example of a yield-stress fluid, and it is typically modeled as a Bingham or
Herschel-Bulkley material. This chapter shows that this provides insufficient understanding
to rationalize simple but important flow phenomena in concrete – specifically, it will be
described how granular physics must be considered. As a motivating phenomenon, the
practice of vibrating fresh concrete during placement to induce flow and remove air voids is
considered. A simple yield-stress fluid (an aqueous polymer microgel particle suspension,
Carbopol) cannot recreate the phenomenon, falsifying the hypothesis that traditional
yield-stress fluid models embody the key physics. Instead, it is shown that a granular
hard-particle suspension (millimetric glass beads in silicone oil) succeeds in recreating the
phenomenon. We use vibration-dependent shear rheology to further show that concrete
displays noticeable granular physics, as indicated by vibration-induced loss of the yield stress,
consistent with the granular suspension model of Hanotin et al. [1]. This is also recreated by
the glass beads in oil, but not by the Carbopol suspension. These results have implications
for understanding the unseen phenomenon of air bubbles rising in concrete, and potentially




Fresh concrete is commonly vibrated when placed to remove entrapped air voids.
However, entrained air bubbles are often purposely introduced to improve the resistance
of concrete to damage from freeze-thaw cycles [2]. Standard practice for air entrainment
has established the necessary air volume and spacing to avoid damage [3], but the physics
underlying bubble motion, especially during vibration, is presently not well-understood.
Importantly, the vibration applied to consolidate concrete and remove large air voids might
also be removing the small air bubbles that provide freeze-thaw resistance.
Due to the opacity of concrete, direct observation of air bubble motion is impossible.
Instead, the freeze-thaw durability, as it relates to the distribution of air bubbles in concrete,
is typically quantified via observation of hardened, polished samples in accordance with
ASTM C457/C457M-12 [4], or via a recently proposed two-dimensional scanning technique
[5]. These standard visualization approaches require preparation of numerous samples – one
for each set of vibration parameters – and bubble motion phenomena cannot be directly
observed, only inferred. A potentially useful approach to understanding bubble motion in
fresh concrete is to find a surrogate material that replicates the relevant physics of concrete
during vibration while being transparent. A surrogate-material approach has been used
to understand other phenomenon, e.g., the reorientation of fiber-reinforcement during the
flow of concrete [6]. Should a suitable surrogate material be identified, air motion could
be observed in real time, and it would allow us to test the effects of material parameters,
vibration amplitude and frequency, probe and form geometry, and distance from the vibration
source in real time.
The Bingham model dominates the literature of modeling the rheology of fresh
concrete, mortar, and cement paste [7–10]. The one-dimensional version of the constitutive
model,
τ = τy + µpγ̇ (2.1)
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relates the shear stress (τ) to the shear rate (γ̇) with two material parameters: the yield
stress (τy) and the plastic viscosity (µp). If the applied stresses are less than the yield stress
(τ ≤ τy), the material maintains solid-like behavior; if the yield stress is exceeded (τ > τy) the
material will flow. An important consequence of this behavior is that a density-mismatched
particle (e.g., an air bubble) can be suspended indefinitely in a yield-stress fluid if the stress
induced by buoyancy is smaller than the yield stress.
While the categorization of concrete as a yield-stress fluid is uncontroversial, there is
not a widely accepted fundamental understanding of the effect of vibration on fresh concrete.
L’Hermite and Tournon did early work on the effect of vibration on fresh concrete, noting
that vibration reduced “internal friction” from 0.02 MPa to 0.001 MPa [11]. Tattersall
and Baker [9] and Pichler et al. [12] characterized the rheology of vibrated concrete more
thoroughly, noting that the stress/shear-rate relationship of concrete followed power law-like
behavior during vibration. Notably, this implies the yield stress is eliminated when vibration
of sufficient strength is applied. Conversely, Hu and de Larrard [8] made rheological
measurements of concrete during vibration and noted that it maintains a yield stress, though
it is about half the yield stress measured without vibration. An explanation of the physical
mechanism that causes the reduction/elimination in yield stress is absent, but dilatency, a
granular phenomenon, was noted. Banfill et al. [10] developed a two-dimensional (cylindrical)
theory to describe the response of concrete to probe vibration, with particular attention to the
radius of action: the horizontal distance to which a vibrating probe influences the concrete.
The radius of action is modeled based on the imposed stress at the vibrating probe and the
yield stress of the concrete, and implicit is the assumption that the effect of the probe is
uniform with depth.
The objective of this chapter is to develop a fundamental understanding of how
vibration affects the rheology of fresh concrete. The present understanding of concrete
rheology, using the Bingham model, has provided an adequate means of discussing and
comparing the rheology of different concrete designs. However, it will be shown that it
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fails to explain how concrete responds to vibration. We will propose an understanding of the
mechanism that relies on granular physics. Concrete has been acknowledged to be a granular
material in the literature [13–15], including in flow applications [16–21]. However, these works
universally refer to “the” yield stress of the concrete, ignoring important features/phenomena
of granular materials, such as a yield stress that increases with depth [22–24] and fluidization
[1,25,26]. It will be shown that concrete cannot be considered a simple yield-stress fluid and
instead should be modeled as a granular material.
2.2 Materials and methods
2.2.1 Description of concrete and surrogate materials
The two concrete mixes used in this work are detailed in Table 2.1. The first was
“conventional,” batched using Type I Portland cement, potable city water, crushed limestone
aggregate, and river sand. The coarse aggregate met a CA07 gradation pursuant to the
Illinois Department of Transportation (IDOT) while the sand met a FA02 gradation [27].
The water-to-cementitious (w/cm) ratio (by mass) of the mixture was 0.40, and to achieve
adequate workability, a nominal 4.2 fl oz of high-range water reducing chemical admixture
(Sika Viscocrete 2100) was added per 100 lb of cement. Lastly, a small amount (1.5 fl oz per
100 lb of cement) of air-admixture (Sika 14) was added in order to increase the number of
10-micron-sized air bubbles. This concrete mixture (Figure 2.1(a)) has slump of 4-6 inches
pursuant to ASTM C143 [28]. An image of a polished cross-section with highlighted air
content, as per the treatment of [5], can be seen in Figure 3.2 – Chapter 3 will discuss in
greater detail the mesostructures of concrete and the surrogate fluids.
The second concrete mix was a “high-flow” concrete, notably with
water-to-cementitious ratio of 0.30 and 8.0 fl oz of high-range water reducing chemical
admixture (Sika Viscocrete 2100) added per 100 lb of cement. The slump flow of this
concrete has a nominal spread of 20 inches or greater (pursuant to ASTM C1611 [29]).
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Table 2.1: Recipe for conventional and high-flow concrete
Conventional Concrete High-Flow Concrete
Type III Portland Cement 674 lb/yd3 718 lb/yd3
#7 Aggregate 1956 lb/yd3 2085 lb/yd3
#2 Sand 1180 lb/yd3 1257 lb/yd3
Water 270 lb/yd3 216 lb/yd3
Sika Air Entraining
Admixture 14
1.5 fl oz/100 lb cementitious 1.5 fl oz/100 lb cementitious
Sika Viscocrete 2100
High-Range Water Reducer
4.2 fl oz/100 lb cementitious 8.0 fl oz/100 lb cementitious
Solutions of Carbopol 980 in water (hereafter referred to as “Carbopol”) at
concentrations from 0.15 wt% to 1.0 wt%, neutralized by aqueous NaOH, were chosen as
surrogates for simple yield-stress materials. Carbopol is often used as a model yield-stress
fluid [30–32] with precedence as a model material in studying yield-stress flow phenomena
[33–35], including some studies on concrete [6]. Additionally it has the benefit of being
transparent, allowing for observation of air void/bubble motion as the fluid is vibrated
(Figure 2.1(b)).
A surrogate wet granular material was created by mixing 100 cSt silicone oil
(Sigma-Aldrich), a Newtonian fluid with dynamic viscosity of 0.096 Pa.s, with approximately
monodisperse spherical glass beads of 1.20 ± 0.07 mm diameter. Because the beads
(ρ = 2500 kg/m3) are denser than the silicone oil (ρ = 960 kg/m3) they sink to form a
bed of spheres with direct grain-to-grain contact. The system, when backlit, is translucent
(Figure 2.1(c)).
13
Figure 2.1: Images of (a) conventional concrete, (b) a simple yield-stress fluid, Carbopol
in water, and (c) a granular material, millimetric glass beads in silicone oil. The surrogate
materials have the benefit of being transparent/translucent.
2.2.2 Rheological measurements and vibration environments
Experiments on air void removal were performed in concrete using an
industry-standard DeWalt vibration probe, a cylinder with 1.125” diameter. The probe
was inserted vertically into the concrete, with the probe centerline translating horizontally
in an orbital motion at 14,000 rpm, driven by rotation of an off-center weight in the interior
of the probe. The amplitude of the motion depends on the immersion medium – for the
concretes tested here it is approximately 0.05”. Note this motion is not “drill-like”, as the
probe does not rotate about its own axis. For the surrogate materials, a lab-scale probe
was built (Figure 2.2(c), additional details in Appendix A) which attempts to replicate the
kinematics of a concrete vibration probe, though the exact working mechanism is not the
same. The lab-scale probe was a 0.75”-diameter PVC cylinder driven by a Dayton 1/5 hp,
10,000 rpm motor via a 0.05”-offset coupling, ostensibly creating an orbital motion with
0.05” amplitude. The motor rested on a square frame, and its output was rigidly connected to
a metal bar running along the length of the probe. This central bar was not rigidly connected
to the probe exterior, rather it guided the probe in an horizontal, orbitally translating path,
with the probe attached instead via an elastomer to the frame. Such a connection prevents
drill-like spinning motion. The motor speed was controlled with a voltage controller – a
range of speeds up to approximately 3,600 rpm was tested. The associated containing vessel
was a transparent acrylic box, with inner dimensions 5” tall, 5” wide, and 1.25” deep.
Rheological measurements on concrete were made using an ICAR (International
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Center for Aggregate Research) concrete rheometer [36] (Figure 2.2(a)). The probe geometry
was a vane 12.7 cm long with a 12.7 cm diameter, and the containing vessel was a scalloped
bucket with 28.6 cm diameter. The vibrating environment for concrete was created using a
concrete shaker table with an oscillation frequency measured to be 60 Hz and an amplitude of
approximately 1 mm. The rheometer bucket was placed on the shaker, and the measurement
geometry and motor were isolated slightly above the bucket on supporting beams to eliminate
direct propagation of vibration into the rheometer.
Rheological measurements on all other materials were made using the TA Instruments
AR-G2 rotational rheometer (Figure 2.2(b)). The probe geometry is again a vane, with
length 42 mm and diameter 28 mm. The containing vessel is a glass beaker with diameter
68 mm. Vibration was achieved by placing the beaker in a Cole-Parmer 42 kHz ultrasonic
bath.
Figure 2.2: (a) Concrete rheology was tested using an ICAR concrete rheometer mounted
on a standard concrete vibration table. (b) The AR-G2 rotational rheometer measured the
rheology of the surrogate fluids in a glass beaker placed in an ultrasonic bath. (c) A lab-scale
vibration probe was built, driven by an offset coupling to a motor, to study surrogate fluids
in a transparent testing cell.
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2.3 Results
We focus on two phenomena relevant to concrete vibration: the motion of air voids
at a distance from a vibrating probe and the reduction/elimination of the yield stress during
form vibration.
2.3.1 Air void removal
Vibration probes are vertically inserted into fresh concrete to remove air voids, a
well-known phenomenon seen during concrete placement (Figure 2.3). Notably, the vibration
process encourages air removal to distances on the order of 50 cm from the vibrating probe,
as evidenced by the release of air bubbles at the surface.
Figure 2.3: Fresh concrete is vibrated to remove air voids. Here, vibration from a probe with
amplitude of approximately 1 mm and rotation speed 14,000 rpm causes air to emerge from
the top surface of a conventional concrete. The arrows identify bubbles rising to the surface
during vibration.
The lab-scale vibration probe and surrogate materials have the benefit of being
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translucent, so the motion of air can be observed within the materials. In Figure 2.4, a
population of air bubbles was introduced to the simple yield-stress fluid, being entrapped
as the fluid was poured into the testing cell and stirred. The vibrating probe is activated,
but the population of air bubbles is not disturbed. That is, unless a bubble is in direct
contact with the probe, it will remain stationary through several minutes of vibration. This
behavior was observed across the range of vibration frequencies (up to 3600 rpm) and for all
concentrations of Carbopol (yield stresses from approximately 10 to 100 Pa) tested with the
lab-scale probe. Additionally, the DeWalt vibration probe, which vibrates at 14,000 rpm,
was used on a larger batch of Carbopol with the same results: air bubbles, even as little as
1 cm from the probe, were not disturbed.
Figure 2.4: A vibrating probe inserted in a simple yield-stress fluid, Carbopol in water,
fails to disturb entrapped air bubbles unless they are in direct contact with the probe.
The air bubbles, even those with large characteristic diameter D∼1 cm, remain stationary
throughout the domain, with lab-scale probe frequencies varying from 0 to 60 Hz, contrary
to the behavior seen when fresh concrete is vibrated.
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In Figure 2.5 the hypothesis that granular physics are necessary to mimic air void
removal is tested. Air bubbles are entrapped in the granular material as it is poured into
the testing cell and stirred, and additional silicone oil is added to the top surface to aid in
visualizing the air escaping from the granular medium. Without vibration, the system is
relatively quiescent, with few air bubbles observed escaping from the granular phase. Time
t = 0 references the start of the applied vibration, and air bubbles are seen rising out of the
granular phase into the top layer of silicone oil and out of the free surface throughout the
domain. The bubbles that emerge from the granular phase have diameters on the order of
1 mm, which is much smaller than those that remain arrested in the simple yield-stress fluid
(D∼1 cm). Since the measured yield stress of these materials is approximately the same,
and since the tendency to rise increases with the bubble diameter, this is further indication
that the vibration probe is interacting effectively with the granular medium to remove air,
while it is ineffective at removing air from the simple yield-stress material.
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Figure 2.5: A vibrating probe inserted in a granular material, 1 mm glass beads in silicone
oil, encourages the release of air bubbles throughout the domain. Here, the experiment
and conditions are the same as in Figure 2.4, but the image series, taken every 5 seconds,
focuses on a layer of silicone oil, a Newtonian fluid, above the granular material, to observe
bubble motion. Bubbles of D∼1 mm are seen escaping the granular material throughout the
domain, a behavior that mimics that of fresh concrete during vibration.
2.3.2 Vibration-dependent rheology
The rheology of concrete before and during vibration is presented in Figure 2.6, for
both the (a) conventional and (b) highly flowable concrete. Notably, the high shear-rate
behavior is uninfluenced by vibration, while at low shear there is a dramatic decrease in flow
stresses, including the yield stress. This behavior was repeatable through multiple trials and
was independent of the testing sequence – that is, the concrete recovered its yield stress when
vibration ceased. The concrete was continuously worked by the rheometer during testing,
and the material properties remained relatively unchanged after 20 minutes, though some
stiffening was observed after 40 minutes (see Appendix A).
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Figure 2.6: The rheology of both the (a) conventional and (b) high-flow concrete, as measured
by the ICAR rheometer, demonstrates Bingham-like behavior when not being vibrated, and a
dramatic decrease in flow stresses at low shear rates during vibration. The concrete recovers
its yield stress after vibration, and material properties are consistent through at least 20
minutes (see Appendix A).
Figure 2.7 shows the rheology of the surrogate materials before and during vibration.
In (a) the simple yield-stress fluid, vibration does not change the measured rheology (though
there is a slight increase in the flow stresses during vibration, likely an artefact of vibration
propagation into the rheometer). In (b) the granular material, the low strain-rate behavior
is affected by vibration, with the yield-stress seemingly eliminated. Again, the granular
material recovers its initial yield-stress rheology once the vibration ceases.
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Figure 2.7: (a) The rheology of a simple yield-stress fluid, Carbopol in water, is not
qualitatively altered by vibration, with the yield stress essentially the same despite the
presence of uniform vibration. However, (b) the wet granular medium, 1 mm glass beads
in silicone oil, demonstrates an elimination in the yield stress when vibration is applied, a
behavior that qualitatively matches that seen in concrete (Figure 2.6).
2.4 Discussion
2.4.1 Interpretation of experimental results
Experiments in which air removal is observed during vibration, and rheological
measurements taken before and during vibration, both demonstrate that concrete behaves
more like a surrogate granular material than a simple yield-stress fluid. Vibration-induced
air removal is noted in concrete (Figure 2.3) and the surrogate granular material (Figure 2.5),
but no air motion is observed in the simple yield-stress fluid (Figure 2.4). When the samples
are vibrated, the conventional and high-flow concrete exhibit a significant decrease in the
stresses at the lowest measured shear rates, possibly to the point of eliminating the yield
stress. The high shear-rate behavior is not appreciably altered by vibration. This behavior is
mimicked in the surrogate granular material, which also demonstrates a significant decrease
in the stresses at low shear rates, and contrasts with the behavior of the simple yield-stress
fluid, in which no reduction in yield stress is observed.
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The failure to replicate key phenomena suggests that concrete cannot be understood
as a simple yield-stress fluid during vibration. Instead, the behavior of fresh concrete is best
understood as a granular material. To be clear, yield-stress behavior is a feature of granular
materials, but the complete characterization of granular materials cannot be encapsulated
in the Bingham model, i.e., with only two parameters: the yield stress and plastic viscosity.
This means that a single stress vs. strain rate curve will only tell part of the story of the
rheology of a concrete. Beyond a reconsideration of the modeling of the material laws of
concrete, this result has important practical implications for concrete placement, which will
be described in Section 2.4.3.
2.4.2 Mechanism of vibration: force chain disruption
We rationalize the experimental results for concrete by using predictions from the
vibrated granular constitutive model of Hanotin et al. [1], which predicts Bingham-like
behavior when the material is not undergoing vibration, and quasi-Newtonian behavior at
low strain rates during vibration. To emphasize: uniform vibration is predicted to eliminate
the yield stress of granular materials.
A least-squares fit of the data in Figure 2.6(b) to the steady-state solutions of the
model (with four fit parameters) is included in Figure 2.8 (see Section 3.2.3 for a more
detailed discussion of this model). The high quality of this fit suggests examination of
the vibrated granular constitutive model to explain the fundamental mechanism by which
vibration influences concrete. Key in granular physics and the formulation of the Hanotin
model is the concept of force chains [25]. Force chain members make up a small percentage
of the grains in a system, but support a large fraction of the load via compression of grains
in direct contact. The Hanotin model postulates that vibration disrupts these chains by
separating the grains in a process akin to adding thermal energy to a Brownian system. This
interpretation is supported in the granular literature [26], and justifies the experimentally
observed behavior of concrete: the disruption of the force chains by vibration fluidizes the
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material, which eliminates the yield stress and allows for the motion of air voids. While this
model reduces to Bingham-like behavior when vibration is not present, it is important to
note that vibration is not simply overcoming the yield stress of the material. Rather, the
vibration is spurring a fundamental change in the character of the fluid.
Figure 2.8: Highly flowable concrete rheology data (same data as Figure 2.6(b)) with
simultaneous least-square fits (see Section 3.2.3) from steady-state solutions to the granular
constitutive model by Hanotin et al. [1], with and without vibration. Strong agreement with
the model suggests that fresh concrete is fluidizing as its granular force chains are disrupted
by vibration.
The model from Hanotin et al. [1] may be useful in guiding future efforts to predict
and control the response of real concretes to vibration. The model contains Bingham-like
characteristics (yield stress, plastic viscosity) while also predicting vibration-dependent
physics based on the granularity of the concrete. Although outside the scope of this
dissertation, it should be possible in the future to correlate the material effects of vibration
to vibration parameters such as amplitude and frequency.
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2.4.3 Depth dependence and radius of action
Granular rearrangements are hindered at larger depths by the confinement pressure
resulting from the weight of the grains, which therefore causes granular materials to have
depth-dependent rheological properties [22–24, 37]. In terms of a Bingham equation, it is
expected that the yield stress of concrete will increase with depth. This behavior is not seen
in Carbopol, and therefore the use of Carbopol as a surrogate material for fresh concrete, as
in [6], could lead to inaccurate predictions of flow behavior.
Furthermore, there is a very practical implication of this behavior. It is expected that
the radius of action will be inversely related to the yield stress [10], i.e., the radius of action
will be smaller for a concrete with a larger yield stress. Thus, if the yield stress increases
with depth, the radius of action may decrease with depth. Therefore, the region in which
the vibrating probe is effective at consolidating the concrete is not a cylinder, as is assumed
by common placement practices and as is predicted by some modeling efforts [10]. Instead,
we hypothesize an inverted “cone of action”. This prediction is substantiated in Figure 2.9
in the lab-scale probe system with the surrogate granular material.
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Figure 2.9: The radius of action depends on depth for a granular material. The lab-scale
vibrating probe fluidizes the granular medium, 1 mm glass beads in silicone oil, allowing
higher density intruder particles, 5 mm stainless steel spheres, to migrate downwards and
towards the probe, here seen in a time series of images taken every 2 minutes. However, the
effect is not uniform with depth, with the motion of some of the intruder particles and lack
of motion in others suggesting that the probe fluidizes a smaller region at larger depths. The
superimposed lines (linear as suggested by [38], but true shape a subject of further study)
approximately indicate the region of activation – above the line, the granular medium is
fluidized. Additional intruder particle arrangements can be seen in Appendix A, Figure A.5.
In Figure 2.9, steel spheres of D∼5 mm (“intruder particles”) are initially suspended
in a grid pattern in the granular material and the probe is activated, with images taken 2 and
4 minutes after activation. These particles are rigid, dense, and larger than the grains, but we
monitor them as indicators of regions within the material that are fluidized or “activated”. A
line extending from the probe end (based on [38]) is superimposed on the images at each time
step, roughly indicating the boundary between the fluidized region (above the line) and the
nonfluidized region (below). It is seen that the intruder particles above the fluidization line
migrate downwards and towards the probe, while the intruder particles below the fluidization
line remain approximately stationary through several minutes of vibration. Notably, we see
motion of intruder particles at larger radial distances near the surface, while we see no
motion of intruder particles at the largest depth. This observation gives further credence to
the above criticism of the radius of action, and importantly provides evidence that current
best practices, which may rely on observations of probe efficacy at the surface, could lead to
incomplete consolidation and therefore inhomogeneous material properties.
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It should be noted that this approach to understanding the radius of action is
fundamentally different than that proposed by Banfill et al. [10]. There, a metric for the
radius of action was proposed based on the stress imposed by a vibrating probe and the
yield stress of a Bingham fit to the concrete rheology. This chapter has demonstrated
that the rheology of fresh concrete during vibration is fundamentally not Bingham-like. As
discussed in the previous section, the vibration is not overcoming the yield stress: it is
changing the fundamental character of the fluid. This approach makes a new prediction –
the depth-dependent radius of action – that would be impactful to placement practice if
found to be true.
2.4.4 Limitations of this work
While the surrogate granular material qualitatively replicated the behavior of concrete
undergoing vibration, suggesting that it could be a useful tool for studying the response of
concrete to vibration, a more faithful surrogate material would have an interstitial fluid with
a yield stress, akin to the rheology of cement paste. Carbopol is an obvious candidate to fill
this role, but the present work utilized a Newtonian interstitial fluid to isolate and test the
granular physics hypothesis with the glass beads. Indeed, building a predictive model for
the motion of entrained air (e.g. to design a vibration process to produce a distribution of
bubbles for freeze-thaw resistance) will require an understanding of the rheology at the paste
scale that the vibrated granular constitutive model [1] does not provide. This work does not
address the link between the yielding of the granular phase and the yielding behavior in the
interstitial cement phase. It is speculated that the vibration-induced motion of the aggregate
phase is sufficient to shear the cement phase beyond its yield stress, thereby allowing air
bubbles to rise, but a more detailed constitutive model would describe the interaction more
completely.
The “intruder particle” experiments are an example of using a surrogate granular
material to explore vibration phenomena. Ostensibly, the region in which vibration activates
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the fluid – i.e., the region in which vibration is expected to induce air motion – has been
visualized. In truth, this observation is based on only a small number of data points (the
individual intruder particles) with which the boundaries of the region are inferred, and the
motion of air bubbles has not been directly observed. Air bubbles are positively buoyant,
deformable, and can be larger or smaller than the aggregate phase. They will interact
differently with the system than the steel intruder particles which are negatively buoyant,
nondeformable, and larger than the grains.
2.5 Conclusions
Fresh concrete, typically modeled using the Bingham equation, is often vibrated to
remove large air voids and encourage consolidation. However, it is not known how vibration
impacts small entrained air bubbles, which are thought to be necessary for the freeze-thaw
durability of concrete. A potentially useful way to study bubble motion is to develop a
surrogate material that replicates the physics of fresh concrete during vibration, while being
at least semi-transparent and not chemically reactive.
Contrary to the present rheological understanding of concrete, it is demonstrated that
a simple yield-stress model (e.g., Bingham) is insufficient to explain the response of fresh
concrete to vibration, while ideas taken from the literature on granular physics can be used
to explain the phenomenon. Using a lab-scale vibration probe that replicates the kinematics
of a concrete probe, it is shown that air bubbles in a simple yield-stress fluid (an aqueous
polymer microgel particle suspension, Carbopol) is not removed by vibration, counter to the
behavior of fresh concrete. However, in the same geometry, a surrogate granular material
(millimetric glass beads in silicone oil) demonstrated a removal of air bubbles in the fluid
domain, mimicking the behavior in fresh concrete.
In a second experiment, the rheology of concrete was measured before and during
vibration. The results obtained without vibration suggest agreement with the Bingham
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model, while those obtained during vibration show a dramatic drop-off in the yield stress.
The high strain-rate behavior of the material was relatively unchanged by vibration. The
same signatures are seen in the surrogate granular material during vibration, while the
rheology of the simple yield-stress fluid is unaltered by vibration, thus providing further
evidence that fresh concrete should be considered a granular material.
The interpretation of fresh concrete as a granular material provides an understanding
of heretofore unexplained phenomena. Firstly, comparing the rheological response of fresh
concrete to a vibrated granular constitutive model from Hanotin et al. [1] we find good
agreement. This suggests an explanation based on the derivation of this constitutive model
that potentially describes the mechanism by which concrete loses its yield stress during
vibration: the force chains that make up the granular skeleton of the concrete are disrupted
by vibration, which fluidizes the material, eliminating the yield stress, and therefore causes
the fresh concrete to flow. This allows air bubbles/voids to rise buoyantly during vibration.
The most important consequence here is the understanding that vibration does not simply
overcome the yield stress of the concrete, but rather that vibration fundamentally changes
the character of the fluid – i.e., the fluid adopts a different constitutive law in which there
is no yield stress.
Secondly, granular materials made of density-mismatched particles demonstrate an
increase in yield stress with depth, a result of increasing confinement pressure due to the
weight of the grains. A consequence of this is that the radius of action as observed on
the surface of fresh concrete is not indicative of a cylindrically shaped region of activation.
Rather, it is hypothesized that the radius of action decreases with increasing depth, a result
that is substantiated by the observed migration of intruder particles in the surrogate granular
material system.
This work suggests a reconsideration of how to characterize the rheology of fresh
concrete. The Bingham model (with its two material parameters, the yield stress and plastic
viscosity) is an incomplete description of the rheology, especially during vibration, where
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it has been shown that concrete ceases to be a yield-stress material. But it is also an
incomplete description when concrete is vibrated, since the rheology is depth-dependent.
The framework of the four-parameter constitutive model of Hanotin et al. [1] might be a
useful way to characterize concretes, especially in applications where vibration is applied to
encourage consolidation.
Surrogate fluids may be useful for studying the effect of vibration on fresh concrete,
as they can be optically accessible and free of chemical hardening [6]. This chapter has
shown that candidates for fresh concrete surrogates cannot be simple yield-stress fluids.
Specifically, a granular fluid, i.e., a dense suspension of hard particles, is necessary to
replicate the behavior of concrete during vibration. The experiments performed in this
work were proof-of-concept; more detailed experiments can be performed, for example with
index-matched aggregate and fluid or particle image velocimetry techniques [38], to elucidate
the roles of polydisperse grains, grain shape, vibration frequency and amplitude, etc., on the
motion of air bubbles in fresh concrete.
2.6 Acknowledgments
This work was supported by the Federal Railroad Administration (BAA FRA-TR-003 “Track
Structure Failure Research”).
2.7 References
[1] C. Hanotin, S. Kiesgen de Richter, L. J. Michot, and P. Marchal, “Viscoelasticity of
vibrated granular suspensions,” Journal of Rheology, vol. 59, no. 1, pp. 253–273, 2015.
[2] T. C. Powers and T. F. Willis, “The air requirement of frost resistant concrete,” in
Highway Research Board Proceedings, vol. 29, 1950.
[3] J. Tanesi and R. Meininger, “Freeze-thaw resistance of concrete with marginal air
content,” Transportation Research Record: Journal of the Transportation Research
Board, no. 2020, pp. 61–66, 2007.
29
[4] ASTM C457 / C457M-12, Standard Test Method for Microscopical Determination of
Parameters of the Air-Void System in Hardened Concrete. ASTM International, West
Conshohocken, PA, 2012.
[5] Y. Song, R. Zou, D. I. Castaneda, K. A. Riding, and D. A. Lange, “Advances in
measuring air-void parameters in hardened concrete using a flatbed scanner,” Journal
of Testing and Evaluation, vol. 45, no. 5, 2017.
[6] B. Boulekbache, M. Hamrat, M. Chemrouk, and S. Amziane, “Flowability of
fibre-reinforced concrete and its effect on the mechanical properties of the material,”
Construction and Building Materials, vol. 24, no. 9, pp. 1664–1671, 2010.
[7] G. H. Tattersall and P. F. G. Banfill, The Rheology of Fresh Concrete. Pitman London,
1983.
[8] C. Hu and F. de Larrard, “The rheology of fresh high-performance concrete,” Cement
and Concrete Research, vol. 26, no. 2, pp. 283–294, 1996.
[9] G. H. Tattersall and P. H. Baker, “The effect of vibration on the rheological properties
of fresh concrete,” Magazine of Concrete Research, vol. 40, no. 143, pp. 79–89, 1988.
[10] P. F. G. Banfill, M. A. O. M. Teixeira, and R. J. M. Craik, “Rheology and vibration
of fresh concrete: predicting the radius of action of poker vibrators from wave
propagation,” Cement and Concrete Research, vol. 41, no. 9, pp. 932–941, 2011.
[11] R. L’Hermite and G. Tournon, “La vibration du beton frais,” Annales de l’Institut
Technique du Batiment et des Travaux Publics, New series, no. 11, pp. 1–75, 1948.
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Distinguishing glasses and granular matter
with depth- and vibration-dependent rheology
This chapter describes how jammed yield-stress fluids classified as “soft glassy systems”
can have dramatically different vibration-dependent and depth-dependent rheology. This
work explains the observation in Chapter 2 that a well-studied model yield-stress fluid
(a jammed Carbopol microgel suspension) fails to replicate key vibration phenomena of
other yield-stress fluids: fresh concrete and millimetric glass beads in oil. Using these same
materials, vibration-dependent and depth-dependent rheology are used and two parameters
are proposed to understand the relevance of granular friction and force-chain dynamics
in these soft glassy materials. While Carbopol suspensions are jammed (and have been
described as granular in the literature), they fail to display the granular physics of interest
because they are softer, more slippery, and more density-matched than the other systems
considered. Concepts of cooperativity length and a recent granular rheology model (Hanotin
et al. [1]) are used to fit this data and rationalize the structure-property relations involved.
3.1 Introduction
Physical structures within a complex fluid can lead to the development of a fluid
yield stress [2], with these structures emerging from a broad spectrum of micro/mesoscopic
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behaviors – via attractive or repulsive particles, as non-Brownian suspensions or Brownian
colloids, with hard particles or soft foams, etc. [3, 4]. Even within the realm of jammed,
dense, repulsive systems, remarkably different rheological phenomena can be observed, as
we study here.
In Chapter 2 important flow phenomena in fresh concrete were rationalized via
a comparison to simple surrogate fluids: a well-studied model yield-stress fluid (aqueous
polymer microgel particle suspension, Carbopol) and a wet granular material (millimetric
glass beads in silicone oil). These two materials possess similar jammed microstructures and
yield-stress rheology (both can be fit to a Herschel-Bulkley model), yet their responses to
vibration are dramatically different, with the wet granular material fluidizing and releasing
density-mismatched particles from suspension during vibration (similarly to concrete), while
the microgel suspension does not fluidize in response to vibration or allow particle motion.
Chapter 2 concludes that granular physics was key to explaining the vibration phenomena
in concrete, and that the model yield-stress fluid Carbopol fails as a surrogate material for
concrete, though the question of why the two jammed model fluids respond differently to
vibration remained open. Here, that question is addressed.
The observed differences in the response of the model fluids to vibration is particularly
surprising given that both materials are modeled as soft glassy systems: Carbopol in [5, 6]
and (dry) granular materials in [7–9]. Soft glassy systems, a category that further includes
foams, emulsions, pastes, slurries, etc., have similar yield-stress rheology which results from
structural disorder and metastability [10] – that is, soft glassy systems have a metastable
nonequilibrium structure which is unable to relax because of energy barriers substantially
larger than available thermal energy. The structure of the Carbopol microgel suspension –
considered a jammed, dense system of swollen microsponges of diameter 2-20 µm [11] – is
reminiscent of a granular material, which is made up of numerous non-Brownian particles
that interact repulsively and dissipatively [12]. Carbopol is even described as a “soft granular
packing” [13] and a “granular medium” [14] in the literature. The mesostructures of these
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two soft glassy systems can be seen in Figure 3.1. The commonalities between Carbopol and
granular systems are more than superficially similar. Coussot et al. [15] showed flow behavior
reminiscent of a granular avalanche for a “polymer gel” yield-stress fluid (likely Carbopol
though not explicitly stated), noting the similarity is likely the result of jamming and
unjamming of the microstructure, and both Carbopol [16] and granular media demonstrate
yield-stress rheology [17].
Figure 3.1: Both Carbopol and granular materials fall under the umbrella of soft glassy
systems. (a) Carbopol forms a jammed, dense mesostructure of microsponges of diameter
2-20 µm [11], similar in appearance to (b) a densely packed non-Brownian granular
material, typically made up of macroscopic (e.g. millimetric) grains. The mesostructure
of these materials is important to their rheological properties, as the structural disorder and
metastability give rise to yield-stress behavior [10].†
The objective of this chapter is to elucidate why Carbopol is not a “granular” material
in some phenomena, despite the similarities in appearance and yield-stress rheology. More
generally, it will be demonstrated that not all jammed suspensions are alike: the presence
†(a) Reprinted from Rheologica Acta, 40(5), G.P. Roberts and H.A. Barnes, “New measurements of the
flow-curves for Carbopol dispersions without slip artefacts”, 499-503, Copyright (2001), with permission of
Springer.
(b) Adapted by permission from Macmillan Publishers Ltd: Nature, 441(7094), P. Jop, Y. Forterre, and
O. Pouliquen, “A constitutive law for dense granular flows”, 727-730, Copyright (2006).
35
of a yield stress is not the only relevant feature of these systems. Carbopol and the
glass bead system have qualitatively different depth-dependent and vibration-dependent
rheology, phenomena from which parameters are proposed to quantify the relevance of certain
granular physics in soft glassy materials. While Carbopol suspensions are jammed (and have
been described as granular in the literature), they fail to display the granular physics of
interest because they are softer, more slippery, and more density-matched than the other
systems considered. Using concepts of Coulombic friction and force-chain dynamics, the
structure-property relations are rationalized. These observations indicate there is a clear
separation of granular materials that will display phenomenon not observed in other jammed
soft glassy systems.
3.2 Background
3.2.1 Concrete vibration-dependent rheology
Briefly the results from Chapter 2 are summarized. Freshly poured concrete has a
mesostructure reminiscent of a soft glassy system – a disordered, non-equilibrium collection
of sand and gravel in a matrix of cement paste (Figure 3.2) – and has the Herschel-Bulkley
rheology [18] predicted of a soft glassy material [10] whenever vibration is not present.
Rheological data, both with and without vibration, was obtained for a conventional concrete
and high-flow concrete (Figure 2.6). The data taken without vibration can reasonably be fit
with a Bingham or Herschel-Bulkley model, notably demonstrating dynamic yield stresses
on the order of 1000 Pa. However, with vibration from a shaker table, concrete appears to
adopt a rheological law that does not feature a yield stress. It was concluded that vibration
spurred a fundamental change in the character of concrete, causing it to fluidize in response
to vibration and cease to be Bingham-like, instead adopting an entirely different constitutive
behavior. Qualitatively similar yield-stress rheology is observed in both Carbopol and the wet
granular system when vibration is not present, while the dramatically reduced/eliminated
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yield stress measured during vibration is seen only in the granular system – that is, the
rheology of Carbopol is apparently uninfluenced by vibration (detailed below in Figure 3.6).
This result, coupled with an observation about the motion of air bubbles in the granular
material and the lack of motion of air bubbles in Carbopol, leads to the conclusion that fresh
concrete is best understood as a granular material during vibration.
Figure 3.2: A 50 mm-by-50 mm polished sample of hardened concrete, treated to clearly
differentiate the three phases: air bubbles (white), cement paste (gray), and sand and gravel
aggregates (black). Image courtesy of Daniel I. Castaneda [19].
3.2.2 Depth-dependence in granular materials
Though the similarities between Carbopol and the wet granular material are
substantial, their different responses to vibration suggest crucial differences that have not
been framed explicitly in the literature. The first of these differences is a depth-dependent
rheology. Granular materials experience increased confinement pressure at larger depths due
to the increasing self-weight of the grains [17, 20, 21], typically expressed in a “dry” system
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as
P = φρgz (3.1)
which increases linearly with depth z. Consequently, the yield stress as measured at a
particular depth will increase due to the Coulombic frictional behavior of granular materials










for particle diameter d. Studies of granular flows do not always account for the
depth-dependent rheology phenomenon, with the inherent complications avoided, e.g. via
the use of a depth-averaged approach [23]. However, this phenomenon is not expected in
soft glassy systems in general, and thus it is an indicator of the presence of granular physics.
3.2.3 Hanotin model for vibration-dependent rheology
The second difference is a vibration-dependent rheology. D’Anna et al. [24, 25] have
identified an analogy between vibrational energy in granular systems and thermal energy in
a glassy system, with vibration inducing Brownian-like rearrangements or “fluidization” of
the grains. The rheological response of this situation is encapsulated in a constitutive model
by Hanotin et al. [1], which is derived from a kinetic equation for force chain growth and
destruction [26]. Force chains are alignments of grains which provide compressive strength
under static loads but which are unstable to loads on other axes [27]. It is claimed that
these provide granular materials their yield stress, and that destruction of the force chains
(e.g. by vibration) will therefore eliminate the yield stress. The constitutive model describes
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granular rheology with and without vibration. Its full one-dimensional form relating shear











which encompasses transient behavior of a system with four material properties: a modulus
G, a critical strain γc, a viscosity ηH, and a response to uniform vibration characterized by
a parameter fb. Time derivatives are denoted with overdots. At steady state (τ̇ = γ̈ = 0)
and without vibration (fb = 0) the model reduces to a Bingham equation
τ = Gγc + ηHγ̇ (3.5)



















with viscosity η = G/fb+ηH. This rationalizes the fluidization of the granular material during
vibration – arrested particles will be freed by vibration, as the granular material adopts a
quasi-Newtonian description with no yield stress. A comparison of measured rheologies to
this model will be made – specifically to Eqs. (3.5) and (3.6) – with the claim that agreement
is an indication that force-chain dynamics control the rheology.
While force chains are sometimes noted as a phenomenon seen in glassy systems [27],
the force chains seen in granular materials are special for two reasons. Firstly, granular
systems will form force chains even at rest under only the influence of gravity due to the
density difference between the grains and the interstitial fluid. This contrasts with a typical
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soft glassy system, where the effective density of the grains is typically not large enough to
form force chains at rest – rather, they form when external forces act on the fluid. Secondly,
though both systems are practically jammed, there is expected to be a smaller packing
fraction in a system with spherical, monodisperse, hard particles (as will be the case with
the model granular system) than in a system of nonspherical, soft, swollen microsponges of
unequal size (the microstructure of Carbopol [11]). That is, there is more empty space in a
granular system, which is anticipated to have important consequences for force-chain density
and caging/hopping dynamics.
3.3 Materials and methods
Experiments were performed using two fluids considered representative of typical soft
glassy systems and granular materials. The representative soft glassy system [11,28,29] is an
aqueous polymer microgel particle suspension, Carbopol 980 was mixed at a concentration
of 0.30 wt% in distilled water and neutralized by aqueous NaOH (hereafter referred to as
Carbopol) (Figure 3.3(a)). The representative granular material was created by mixing
approximately monodisperse glass beads of diameter 1.20±0.07 mm with 100 cSt silicone oil
(Sigma-Aldrich), a Newtonian fluid. Because the glass beads have a density approximately
2.5× that of the silicone oil they sink to form a bed of spheres with direct grain-to-grain
contact (Figure 3.3(b)).
Figure 3.3: A yield stress is present in both (a) 0.30 wt% Carbopol in water and (b)
millimetric glass beads in silicone oil, demonstrated here by a nonsmooth surface that will
not relax with time.
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The rheology of both materials was characterized with a TA Instruments AR-G2
rotational rheometer (a combined motor-transducer instrument), with a vane geometry of
length 42 mm and diameter 28 mm. A tall glass beaker of diameter 68 mm is used as
the fluid container, which allows for optical access and the depth of measurement to be
variable. Reported here are the stresses at the edge of the vane – corrections for the large
gap, which causes a departure from a simple Couette description, are minor and do not
affect the conclusions. The depth, defined as the distance from the free surface to the center
of the geometry (Figure 3.4(c)), was varied between 25 and 59 mm. The contribution of
the supporting spindle to the measured torque is small, but it is nevertheless calibrated and
subtracted when reporting the stress measurements (process detailed in Appendix B). To
measure the vibration-dependent rheology, the beaker was placed in a Cole-Parmer 42 kHz
ultrasonic bath (Figure 3.4(b)).
Figure 3.4: (a) The depth-dependence of the rheology of the materials was measured by
varying the submersion depth of the vane rheometer geometry in a tall glass beaker. (b) The
vibration-dependent rheology was measured by placing the beaker in an ultrasonic bath. (c)
The depth of measurement, z, was defined as the distance from the free surface to the center
of the measurement geometry.
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3.4 Results
3.4.1 Depth-dependent rheology of glassy/granular materials
Figure 3.5 shows the rheology of (a) Carbopol and (b) the wet granular material as
measured at various depths. Notably, Carbopol has essentially the same rheology regardless
of depth, with the yield stress clearly not a function of depth. In the wet granular system
there is an appreciable increase in the measured flow stresses with depth, and the yield stress
increases at approximately 3 Pa/mm (which can be rationalized by Eqs. (3.1) and (3.2)). The
depth-dependent rheology observed in this experiment clearly identifies a granular physics
phenomenon not seen in Carbopol.
Figure 3.5: Depth-dependent rheology is not noted in (a) an aqueous polymer microgel
particle suspension, Carbopol, where we see the yield stress is independent of the
measurement depth. However, (b) a wet granular system, glass beads in silicone oil,
demonstrates depth-dependent rheology, with the yield stress increasing with depth at
approximately 3 Pa/mm.
3.4.2 Vibration-dependent rheology of glassy/granular materials
Figure 3.6 shows the rheology of (a) Carbopol and (b) the wet granular material as
measured both with (filled symbols) and without (unfilled symbols) vibration, at multiple
42
depths. Again, Carbopol does not demonstrate one of the phenomena predicted for granular
materials, namely an elimination of its yield stress under vibration, while the granular
material does. Further, it appears that vibration removes the depth-dependent rheology
at low shear rates, which is consistent with the presumption that vibration is disrupting
force chains [24], fluidizing the medium, and thereby removing the confinement pressure due
to self-weight.
Figure 3.6: During vibration (filled symbols), the rheology of (a) a typical soft glassy system,
an aqueous polymer microgel particle suspension, Carbopol, does not demonstrate a radical
departure from the rheology without vibration (unfilled symbols). However, (b) a wet
granular material, glass beads in silicone oil, demonstrates reduction in flow stresses at low
shear rates, with an apparent elimination of the yield stress. Notably, the depth dependence
of the granular rheology is practically eliminated at low shear rates during vibration.
3.4.3 Application of constitutive model
The granular system rheological data in Figure 3.6 is fit to the steady-state solutions
of the vibrated granular constitutive model, Eqs. (3.5) and (3.6), with fits being performed
at each depth. The four fits are plotted in Figure 3.7 along with the experimental data
of Figure 3.6(b). The model demonstrates good qualitative agreement – without vibration
(unfilled symbols), the yield-stress behavior is exhibited for all depths. During vibration,
the elimination of the yield-stress and high shear rate behavior are modeled successfully,
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though the transition between the two regimes is not captured precisely at larger depths.
Still, the key signature predicted by the model, the elimination of the yield stress during
vibration, is represented in the experimental data. This is evidence for the hypothesis that
force-chain dynamics are controlling the rheology of the system – that is, force chains cause
the development of a yield stress for the glass bead system at rest, and the destruction of
the force chains explains why the yield stress is eliminated during vibration.
Figure 3.7: The depth- and vibration-dependent rheology of the wet granular material (same
data as Figure 3.6(b)) is fit using the steady-state solutions of the constitutive model from
Hanotin et al. [1]. A least-squares fit, performed simultaneously for both the unvibrated (with
Eq. (3.5)) and vibrated (with Eq. (3.6)) data at each depth, demonstrates good agreement
with the experimental data, capturing the elimination of the yield stress by vibration and
the similar high shear-rate behavior with and without vibration.
Because the vibrated Carbopol data from Figure 3.6(a) do not demonstrate an
elimination of the yield stress, one might infer that the frequency parameter in the vibrated
granular constitutive model is fb ≈ 0. In such a limit, Eq. (3.7) suggests the effective
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viscosity of the system at low shear rates will become infinity, which can be considered
as an indication the system has a yield stress. However, acknowledging the limits of the
experiments (lowest measured shear rate: 0.01 s−1), it is more conservative to set an upper
bound on this parameter based on the available data. In Figure 3.8, one such estimate
is provided by assuming the vibration-dependence emerges at shear rates just below the
measured experimental data. After fitting a yield stress, τy = Gγc = 42.8 Pa, and plastic
viscosity, ηH = 230 Pa.s, to the three lowest shear-rate data points with Eq. (3.5), the
parameter combination
fbγc = 5.8× 10−4 s−1 (3.8)
is determined such that Eq. (3.6) predicts 95% of the value of the stress at the lowest shear
rate (a reasonable estimate of the experimental error). Only the lowest three shear rates
were used in the fit, as the Bingham-like Eq. (3.5) does not fit the complete data set well – a
Herschel-Bulkley fit, which is included in Figure 3.8 for reference (though it is not predicted
by the vibrated granular constitutive model) is better. The value in Eq. (3.8) was not seen
to be sensitive to the value of the plastic viscosity. From additional experimental data, the
critical strain is estimated to be γc = 0.453, from which Eq. (3.8) is used to determine
fb ≤ 0.00128 s−1. It is emphasized that this is an upper bound on the vibration parameter
for Carbopol, which therefore is at least 2.5 orders of magnitude smaller for Carbopol than
for the glass bead granular medium (fb ≈ 0.54 s−1).
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Figure 3.8: Carbopol does not demonstrate vibration-dependent rheology in the range of
shear rates experimentally measured, from 0.01 to 10 s−1. An upper bound on the vibration
parameter fb from the constitutive model of Hanotin et al. [1] is estimated by assuming
that vibration dependence emerges just below the limits of measurement. The vibrated
steady-state solution Eq. (3.6) is assumed to pass within 5% of the stress measurement at the
lowest shear rate, a condition which, when combined with experimental measurements of the
yield stress, plastic viscosity, and critical strain, provides the upper bound fb ≤ 0.00128 s−1.
A Herschel-Bulkley fit is included to demonstrate its superior fit to the data, though its
power-law dependence is not predicted in the granular constitutive model.
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3.5 Discussion
3.5.1 Proposed dimensionless parameters
Two dimensionless groups can be used to distinguish the behavior of granular
materials from other soft glassy materials. The first arises from consideration of the
depth-dependent rheology:
Π1 ≡





and can be interpreted as the tendency of the yield stress to increase with depth z from a
nominal value τy,o due to increasing confinement pressure from the self-weight of the grains
and the friction coefficient µ, i.e., from Eqs. (3.1) and (3.2).
Carbopol is expected to have a friction coefficient similar to other hydrogels,
µ = 0.02 [30]; millimetric glass beads have µ = 0.38 [31]; and the friction coefficient of
concrete is taken to be that of the sand, approximately µ = 0.58 [32], since the sand forms
the interconnected granular network throughout the concrete. With these parameter values,
values of Π1 are plotted as a function of the yield stress for the systems studied in Chapters
2 and 3 in Figure 3.9, where a practically relevant depth is chosen for each system: 6 cm for
the Carbopol and glass bead systems, approximately the maximum depth measured in the
rheological experiments, and 0.5 m for the concrete. Carbopol and the glass bead system
have yield stresses on the same order of magnitude (at these depths), yet the value of Π1
for Carbopol is smaller by 3.5 orders of magnitude, indicating it is not granular in this way,
i.e., from the Coulombic friction mechanism. The values of Π1 for the concretes are seen to
be similar to that of the wet granular medium, though the yield stress of the wet granular
medium is an order of magnitude smaller.
Note that the value of Π1 depends on the depth of the application. In shallow flows
a granular material might see Π1  1, which indicates that the depth-dependence of the
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rheology could possibly be ignored in such an analysis, though it must be cautioned that
other granular mechanisms such as force chains will still be important. Further note that
the numerator in Eq. (3.9) can be interpreted to suggest a linear increase in the yield stress
with depth due to Coulombic friction. This quantitative interpretation is discouraged, as
it does not account for phenomena such as wall friction, which reduces the confinement
pressure and therefore the yield stress of a granular material (as in the silo phenomenon,
one of the foundational topics in granular physics [33]). Rather, this expression is meant
to indicate whether a material should be treated as granular based on the significance of
depth-dependent rheology in a particular application.
A second parameter highlights the dependence of the rheology on vibration:
Π2 ≡
vibration energy to separate force chains
resistance to force chain separation
(3.10)
and can be interpreted as the tendency for vibration to fluidize the granular structure. For
this parameter, the functional form is not clear, but it is anticipated to be analogous to
the (dimensional) vibration parameter fb from the vibrated granular constitutive model of
Hanotin et al. [1].
The vibration parameter fb in the vibrated granular constitutive model is interpreted
as a Brownian reorganization frequency [1]. For given material properties, this parameter is
expected to vary with vibration frequency and amplitude, likely through the dimensionless
vibration intensity Γ = Aω2/g [12]. For Γ > 1, the vibration acceleration (from amplitude
A and frequency ω) is enough to overcome gravity, causing the grains to “lift-off” and
consequently reorganize. Conversely, a small value of fb indicates that the grains of the
mesostructure are not readily reorganizing/fluidizing, ostensibly due to some resistance –
for example, the viscosity of the interstitial fluid (including viscous adhesion), large friction
between the grains (including particle cohesion), high density of force chains with deformable
particles, and/or the grains elastically or plastically deforming instead of reorganizing.
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Figure 3.9: Dimensionless parameters Π1, Eq. (3.9), and Π2, Eq. (3.10), characterize the
degree to which a fluid is granular. Π1, which emphasizes the role of Coulombic friction in
the depth-dependent rheology, is seen to be more than three orders of magnitude larger for
the wet granular medium than for Carbopol. The values of Π1 for the two concretes studied
in Chapter 2 are similar to the wet granular medium, further demonstrating concrete should
be considered a granular system. Π2 (here represented by fb) indicates the presence of
force-chain dynamics in the vibration rheology, is also seen to be more than three orders
of magnitude larger for the granular systems than for Carbopol. These results therefore
distinguish the behavior of granular materials from other soft glassy systems.
49
Relevant to the present work with Carbopol, the small value of the vibration parameter could
be a consequence of the resistance to reorganization that results from the mesostructure
having a packing fraction of nearly 100% due to the nonspherical shape of the swollen
microsponges. As such, grain reorganization by vibration is expected to be extremely
difficult. While the macroscopic rheology of Carbopol is not influenced by vibration,
vibration could have an interesting effect on ageing of the material (an analysis that could
be pursued, e.g., via the soft glassy rheology (SGR) model [34]).
It is expected that these same physical arguments describing the general trends of fb
can be applied to the dimensionless parameter represented by Π2. Near-zero values of fb,
from either low vibration intensity or a high resistance to force chain separation, will imply
near-zero values of Π2. Without a specific functional form for Eq. (3.10), fb is used as an
analogue in plotting Π2 in Figure 3.9 for the systems studied here and in Chapter 2.
In both Figure 3.9(a) and (b), the behavior of granular systems is distinguished from
the behavior of Carbopol by the disparity in the values of Π1 and Π2. This distinction is
expected to clarify the difference between granular systems and other soft glassy systems in
general. Recalling the results of the experiments in Chapter 2, where density-mismatched
particles were not released from Carbopol but were released from the glass bead system
during vibration, it is emphasized that soft glassy systems with similar yield-stress rheology
can demonstrate dramatically different phenomenon. The parameters Π1 and Π2 provide
additional metrics that explain why not all jammed glassy systems behave alike, representing
important “secondary properties” beyond the yield stress τy when engineering a yield-stress
fluid [3].
3.5.2 Cooperativity length
The response of granular and microgel suspension systems to vibration can perhaps
be rationalized by referencing the cooperativity length of the materials. The cooperativity
length is a metric representing the distance to which nonlocal effects will influence flow
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behavior [35]. For microgel suspensions [36], emulsions [37, 38], and foams [39] (each a
soft glassy system) the cooperativity length is approximately 2-4 particle diameters. The
nonlocal cooperativity has also been analyzed for granular materials, though such systems
do not have one unique cooperativity length [40]. Instead the material possesses a spectrum
of lengths, ranging from several particle diameters to infinity at the yielding point [41, 42].
In short: the cooperativity length of a granular material diverges to infinity somewhere in
a flow, while typical soft glassy systems have a roughly constant cooperativity length of a
few particle diameters throughout the flow. This difference potentially shows how granular
materials can be distinguished from other soft glassy systems. This difference should be
considered in future work involving modeling complex fluids as simple yield-stress fluids.
3.6 Conclusions
Motivated by Chapter 2, an attempt to model the dynamics of fresh concrete during
vibration using simple model materials, an explanation is sought as to why not all jammed
systems are alike, and why choosing a “model” yield-stress fluid depends on more than
having the right yield stress. Carbopol, a microgel suspension, possesses a mesostructure
reminiscent of a granular material – a dense packing of jammed, repulsive grains, with soft
glassy dynamics. However, it is demonstrated experimentally via comparison to a known
granular system, millimetric glass beads in oil, that Carbopol is decidedly not granular
with respect to two known granular phenomena: depth-dependent and vibration-dependent
rheology.
In a series of rheological measurements performed at different depths, the granular
system demonstrated increasing flow stresses with depth, while Carbopol did not. This
result is rationalized with theory from the literature – depth-dependence emerges from
increasing confinement pressure and granular friction, features that play an insignificant role
in Carbopol. The lack of depth-dependent rheology signals Carbopol is not granular, at least
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by this metric. When measuring the rheology as the fluids were being vibrated, the granular
system demonstrated an elimination of its yield stress, while Carbopol appeared uninfluenced
by vibration. This is rationalized via a comparison to a vibrated granular constitutive model
derived from a kinetic equation for force-chain dynamics. Through the prism of this model
it is argued that the granular reorganization frequency of Carbopol must be nearly zero even
during vibration, from which we infer that granular fluidization or rearrangement/hopping is
not appreciably increased by vibration at shear rates down to γ̇ = 0.01 s−1, perhaps due to
the large packing fraction of the swollen microsponges that make up the fluid mesostructure.
The lack of force-chain dynamics, as deduced from vibration-independent rheology, is further
indication that Carbopol is not granular.
These two tests inspire the identification of two parameters that can distinguish these
granular behaviors. The first, Π1 compares a Coulombic yield stress, resulting from increasing
confinement pressure at depth, to a nominal yield stress value. The second dimensionless
group, Π2, compares the vibration energy available to destroy force chains to the resistance
to force-chain disruption. The reorganization frequency parameter of the constitutive model,
fb, is expected to be analogous to Π2. Carbopol is not granular because Π1 and Π2 are both
on the order of 10−3, three orders of magnitude smaller than the values seen in the wet
granular system. It was seen in Chapter 2 that soft glassy systems of similar yield-stress
rheology can demonstrate dramatically different phenomenon. Π1 and Π2 provide additional
metrics that rationalize why not all jammed glassy systems behave alike.
Also briefly noted is a difference between the cooperativity length of granular
materials, which in a given flow spans a spectrum from several particle diameters to infinity,
and of other typical soft glassy systems, where the cooperativity length tends to be about
three particle diameters. This difference in behavior is further evidence that not all jammed
systems will behave alike.
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and a modified yield-gravity parameter
Intuition tells us that bubbles will rise and steel objects will sink in liquids, though here
the opposite is described. With experimental demonstration and theoretical rationale, this
chapter demonstrates how the motion of fluid containers with immersed objects can cause
curious behaviors: sinking air bubbles and rising high-density particles. Bubbles and solid
spheres of diameter on the order of a few millimeters are introduced into dramatically
shear-thinning fluids with an effective yield stress (aqueous Carbopol microgel particle
suspensions). Imposed motion of the rigid container allows for control of the trajectories
of the immersed particles – without the container imparting direct shearing motion on the
fluid. Results demonstrate the necessary conditions to prevent or produce net motion of
the bubbles and heavy particles, both with and against gravitational expectations. Key
to the analysis is a modified yield-gravity parameter, a dimensionless number that, with
modifications proposed here, accounts for the rigid-body acceleration and the transient
rheology of the yield-stress fluid. It is demonstrated that these modifications result in a
consistent critical value of the modified yield-gravity parameter that is close to the literature
value pertaining to quasi-static situations.
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4.1 Introduction
Drop a particle into a liquid and it will float or sink, depending on if the liquid is more
or less dense than the particle. This is intuitive enough that one can usually tell if a particle
will float or sink just by holding it, at least if the fluid medium is the same density as water.
If the fluid is rheologically complex with a yield stress, the description gets more complicated
– a buoyant particle can be kept from floating and a heavy particle kept from sinking if the
associated stresses are less than the yield stress of the fluid, and the particle will remain
suspended for a practically infinite duration. In this work, a further complication is added:
What if the system undergoes a periodic rigid-body acceleration? A simple example of such
motion is a uniform oscillation or vibration. An example that violates our intuition will
be demonstrated, with periodic (though asymmetric) rigid-body accelerations being used to
cause low-density particles to sink and high-density particles to rise in yield-stress fluids.
The study of particle motion in yield-stress fluids is a widely explored topic in
non-Newtonian fluid mechanics, with numerous studies, both numerical and experimental,
having been performed on the stability and motion of density-mismatched particles in
yield-stress fluids [1–3]. While there has been some work discussing the drag force in such
scenarios [4–6], they are largely limited to steady motion or motion due only to gravity.
We will focus on an added wrinkle to this classic problem: an externally applied
periodic motion. Sinusoidal vibration has been used to encourage liquefaction/reduce
viscosity in non-Newtonian flow scenarios [7, 8], and there is precedence for using vibration
to control the motion of bubbles in both Newtonian [9–11] and non-Newtonian fluids [12].
Hard particles also can be moved via vibration [13]. Of particular note is the work by Singh
et al. [14], which considered vibration-induced settling of a particle in a yield-stress fluid,
noting its significance in the food-transport industry.
The present scenario is distinct from these phenomena. We will describe the necessary
conditions to induce net particle displacement through the interplay of two key facets: the
57
right kinematics (an asymmetric acceleration profile) and the right non-Newtonian fluid
(a drastically shear-thinning fluid with an effective yield stress). Net particle motion
is experimentally achieved under periodic forcing, including motion against gravitational
expectations, with a short-duration high acceleration, in which the initially suspended
density-mismatched particle causes the surrounding fluid to yield, thus allowing motion,
followed by a long-duration low acceleration, during which the fluid does not yield, and thus
the particle remains arrested. During the latter step, the fluid container resets to its initial
position and velocity, and the particle achieves a net displacement. In this chapter, relevant
theoretical ideas, including a derivation of an equation governing the particle motion and a
new particle suspension criterion, are proposed and tested in a novel experimental setup.
4.2 Theory
4.2.1 Buoyancy from a rigid-body acceleration
First, the effect of a rigid-body acceleration on the buoyancy of a particle must be
calculated. The buoyant force results from pressure forces on the boundary of the particle,
and the pressure field depends on both the imposed acceleration and the body force on the
fluid due to gravity. Conservation of momentum for the fluid will determine the pressure
field. If we assume the liquid acceleration matches the container acceleration Ẍ everywhere
(the liquid is hydrostatic, i.e., no relative motion) a momentum balance for the liquid per
unit volume can be written as
ρf Ẍ = −∇p+ ρfg. (4.1)







where ρf is the fluid density and g is the gravitational body force (vector) per unit mass.
That is, a pressure gradient is generated by the gravitational body force and the imposed
container acceleration. Note that this result is independent of the chosen coordinate system,
since g and Ẍ are general vectors.
It is worth rationalizing the signs in the parenthetical term. For our coordinate
system, gravity points down, which we write as g = −gex. Therefore, in the absence of
imposed accelerations, the pressure is highest at the bottom of the container – for acceleration
to add to this effect, the acceleration must be positive (upward), hence the negative sign
appears in front of the term in Eq. (4.2).
Buoyancy is the resultant force from integrating the hydrostatic pressure field over
the surface of an immersed particle. It will be seen that an explicit equation for the pressure
field is not needed – its gradient will be sufficient. The total resultant force F from the stress




σ · n dS. (4.3)
To focus on the buoyant force, F †B, consider only




−pI · n dS (4.4)

















∗The nonhydrostatic portions of the stress tensor, when integrated over the surface, produce the drag force
FD.
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No part of the integrand depends on position within the fluid, so












for particle volume V . That is, the buoyant force can point in any direction due to the
contribution of the acceleration vector. Focusing on a one-dimensional description, with the
acceleration Ẍ = Ẍex along the same coordinate axis as the gravitational force, g = −gex,
the buoyant force becomes F †B = F
†
Bex in Eq. (4.7), such that





where g is now the magnitude of the gravitational force per unit mass (always positive)
and Ẍ the scalar acceleration (can be positive or negative). As a check, for no container
acceleration, the buoyant force should point up (in the positive x-direction), which it does.
Notably, the buoyant force can point downwards if Ẍ is negative and larger in magnitude
than g.
4.2.2 Governing equation
With this complete description of the buoyant force, a governing equation can be
written for the particle trajectory; the imposed rigid-body acceleration will emerge as
part of the forcing function. The term “particle” will be used to generically refer to
objects embedded in the fluid, here focusing on rigid particles and air bubbles, though
the analysis can be applied to deformable solids, immiscible fluid droplets, etc. We will
focus on a one-dimensional description in the vertical direction (parallel or anti-parallel to
the gravitational force), though the equations can be written generally in three dimensions
by using Eq. (4.7).
Consider a density-mismatched particle initially suspended in a yield-stress fluid.
60
Relative to the bottom of the container, the particle is located at position x, and relative to
the inertial lab frame the container is located at position X, as in Figure 4.1.
Figure 4.1: An object with inertial coordinate x′ is immersed in a container of fluid with
inertial coordinate X. The forces acting on the particle include weight W , drag FD, and
a buoyant force F †B that has contributions from both gravitational acceleration g and the
imposed rigid-body acceleration Ẍ.
Three forces act on the particle: the particle weight, W ; the buoyancy, F †B (from
Eq. (4.8)); and a generalized drag force, FD, that opposes relative motion of the object with
respect to the surrounding fluid – that is, the drag force will always be directed opposite the
particle velocity in the container frame ẋ. Then conservation of momentum for the object





= F †B −W − FD (4.9)
which can be rewritten, along with Eq. (4.8) and W = ρV g, as an ordinary differential
equation for x





where ∆ρ = ρ−ρf. Note here that rigid-body accelerations factor into the particle kinematics
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in the same way as gravitational acceleration – a feature that emerges because inertial mass
and gravitational mass are the same, and a feature that would not be captured without the
proper treatment of the buoyancy as described above.
One can infer from Eq. (4.10) that gravitational intuition can be inverted for
rigid-body accelerations that are negative and larger in magnitude than g: bubbles can be
made to sink and heavy particles to rise. This is not an unexpected result, and is precisely
the mechanism by which a person feels weightless when cresting a hill in a rollercoaster
or car. The interesting phenomenon we seek is rectified (unidirectional) motion against
gravitational expectation for a forcing function that is periodic – that is, an immersed heavy
particle rising, or air bubble sinking, after the fluid container undergoes both positive and
negative rigid-body accelerations to return to its original position and velocity. In Appendix
C, it is demonstrated that this phenomenon cannot occur for a particle in a Newtonian fluid
(in Stokes flow), as the linear response of the velocity to the forcing function cancels out
the contribution of the periodic acceleration in the displacement. The phenomenon also
cannot occur for uniform (symmetric) vibration, as the forcing function must ostensibly be
“stronger” (in some sense of magnitude and duration) in one direction than in the other to
cause net motion against gravitational expectation. Necessary for the phenomenon – which
we will call the “sinking bubble phenomenon” – is a fluid with a nonlinear drag law FD, and
a periodic rigid-body acceleration that is asymmetric with large negative accelerations.
4.2.3 Modified yield-gravity parameter
A yield-stress fluid presents an extremely nonlinear drag law, with an effectively
infinite viscosity when low stresses are imposed and a small viscosity when high stresses are
imposed. This is the key to the sinking bubble phenomenon for periodic motion of the fluid
container: a large negative acceleration will cause high stresses due to the presence of the
density-mismatched particle in the fluid, leading to a low viscosity that allows for motion
of the particle against gravitational expectation (per Eq. (4.10)). The container returns
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to its initial position and velocity with a low acceleration, thus keeping the imposed stress
low, causing the fluid to have a practically infinite viscosity, and consequently the immersed
particle remains arrested. Over one cycle, a low-density object (e.g., a bubble) can therefore
sink, and a high-density object (e.g., a steel sphere) can rise.
This relationship between the forcing function and the viscosity will be manifested
through the drag force, though a general analytical equation for the drag on a particle in a
yield-stress fluid is not available. Neglecting particle inertia (see Appendix C), the forcing
function in Eq. (4.10) will be matched identically by the drag force both when the particle
is arrested and when it is in motion. However, the nature of the drag force is expected to
change from an elastic (solid-like) deformation resistance to a plastic or viscous resistance
as the forcing function exceeds a critical value related to the yield stress. We therefore take
the critical drag
|F ∗D| ∼ Aτy (4.11)
for a particle with surface area A, and form a ratio between the drag term and forcing







∣∣∣∣∣∣ ∼ AτyV ∣∣∣∆ρ(g + Ẍ)∣∣∣ (4.12)
to form a parameter that describes the degree to which the fluid yields in response to the
imposed force. Ignoring any numerical front factors, V/A ≡ D (i.e., the object diameter or
some other characteristic length), and so
Y ′g ≡
τy∣∣∣∆ρ(g + Ẍ)∣∣∣D (4.13)
which we call the modified yield-gravity parameter, as it is an extension of the yield-gravity
parameter Yg = τy/(∆ρgD) (extensively analyzed in the literature) to account for both
gravitational forcing and forcing from rigid-body accelerations.
A larger value of the modified yield-gravity parameter Y ′g implies a comparatively
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larger yield stress and therefore an increased likelihood of a particle being arrested. Numerous
studies have identified a critical value of the (unmodified) yield-gravity parameter, Yg, above
which an object will be arrested indefinitely, not rising or sinking due to its density mismatch
with the surrounding fluid. Beris et al. [5] determined Yg,crit = 0.048 from a finite-element
numerical model of a rigid spherical particle in a continuum Bingham fluid. Jossic and
Magnin [15] experimentally measured Yg,crit = 0.088 for a smooth sphere in Carbopol (the
simple yield-stress fluid used in the present study) and further noted a dependence of the
value of this parameter on the surface roughness. Atapattu et al. [6] found Yg,crit = 0.061
for Carbopol and suggested that the departure from the results of [5] is likely attributable
to the influence of the container and departure from ideal Bingham plastic behavior.
The work of Beris et al. [5] is the standard reference point for studies of the motion
of spheres in yield-stress fluids. Going forward we will refer to the quasi-static critical value
Yg,crit = 0.048 from that study as the “theoretical” critical value and will compare this to an
experimentally determined critical value for the modified yield-gravity parameter Y ′g,crit.
4.2.4 Conditions to achieve a sinking bubble
The conditions necessary to achieve net particle displacements against gravitational
expectation, e.g., sinking bubbles, can be described via the modified yield-gravity parameter.
From the definition of the parameter in Eq. (4.13), a critical value is assumed such that an
object will not be arrested by the yield stress of the fluid if
Y ′g =
τy∣∣∣∆ρ(g + Ẍ)∣∣∣D < Y ′g,crit. (4.14)
This can be rearranged to describe the acceleration conditions necessary to induce motion
∣∣∣g + Ẍ∣∣∣ > τy|∆ρ|DY ′g,crit →
g + Ẍ >
τy
|∆ρ|DY ′g,crit




from which the critical accelerations (positive and negative) to induce motion are defined as
Ẍ+crit ≡ −g +
τy
|∆ρ|DY ′g,crit




where notably the critical condition is asymmetric – that is, the acceleration necessary
to break the particle from arrest is larger in magnitude for negative values (accelerations
parallel to gravity) than for positive values (anti-parallel to gravity). Recalling Eq. (4.10),
large negative accelerations will change the sign of the forcing function in the governing
equation compared to the stationary case with Ẍ = 0. This provides a quantitative argument
for the existence of the sinking bubble phenomenon for a periodic rigid-body motion: a
negative acceleration of the container, larger in magnitude than the negative critical value in
Eq. (4.16), is applied to a system with an initially suspended bubble. This causes the bubble
to move against gravitational forcing. The container is returned to its initial position and
velocity at an acceleration smaller in magnitude than the positive critical value in Eq. (4.16),
with the bubble thus remaining stationary relative to the container during the return. The
net effect over one cycle of container motion is that the bubble has sunk. The same argument
applies for a dense particle, which will have a net displacement upwards (against gravity)
if the same conditions are met, i.e., a strong negative acceleration
∣∣∣Ẍ∣∣∣ > ∣∣∣Ẍ−crit∣∣∣ and small
positive acceleration on the return Ẍ < Ẍ+crit.
It must be emphasized that Eq. (4.13) is a proposed modification that will extend
the use of the yield-gravity parameter, defined for quasi-static conditions, to account for
rigid-body accelerations. The yield-gravity parameter can define the conditions under which
a particle is arrested, and with this modification the sinking bubble phenomenon has been
rationalized using critical acceleration conditions in Eq. (4.16) that rely on a critical value of
the modified yield-gravity parameter during dynamic forcing. However, it is not necessarily
true that the critical value of the (unmodified) yield-gravity parameter is relevant during
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transient conditions, nor is it clear that this critical value will be constant for all conditions.
The goal of the following experimental effort is to determine if this approach
quantitatively captures the governing physics of the sinking bubble phenomenon. The
phenomenon will be demonstrated, and experiments over a wide parameter space will seek a
critical value or critical function of the modified yield-gravity parameter Y ′g,crit that delineates
regimes of particle motion and arrest. Further analysis will seek to identify trends in the
magnitude of particle displacement based on the modified yield-gravity parameter and other
fluid, particle, and acceleration parameters.
4.3 Materials and methods
4.3.1 Apparatus
Necessary to achieve sinking bubbles and other motions of initially suspended
density-mismatched particles in yield-stress fluids is a large rigid-body acceleration. To
achieve the necessary accelerations in a controlled, repeatable way, a novel experiment based
on a pneumatic actuator was constructed, Figure 4.2. (Several other experimental approaches
were considered but were unsatisfactory, as described in Appendix D.)
66
Figure 4.2: Highly asymmetric periodic accelerations are imposed by a pneumatic actuator
setup. Pressurized air is fed into a two-way solenoid valve, which supplies pressure to the
top or bottom of the actuator. Flow control valves for the top and bottom effectively set
the speed at which the air exhausts from the actuator, and thus control the speed of the
actuator. Threaded at the end of the piston is a 3D-printed frame on which the fluid bottle
containing a density-mismatched particle and the accelerometer are mounted (more detail
in Appendix D). High-speed video and still images are captured with a Photron FastCam
Mini UX-100 and Nikon D750 DSLR.
A five-port, high-speed, two-way solenoid valve controls the actuation. The valve is
connected such that pressurized air enters the bottom of the actuator as the air in the top of
the actuator is exhausted through a silencer, and vice-versa. Flow control valves are present
at the top and bottom of the actuator. The actuator speed is primarily controlled by the
exhaust conditions: to get the actuator to extend rapidly (slowly), the top flow control valve
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is opened (closed); to get the actuator to retract rapidly (slowly), the bottom flow control
valve is opened (closed). Large accelerations in both the positive and negative direction can
therefore be tested.
The largest acceleration events occur when the piston is nearing complete extension
or retraction. At the end of the stroke, an air cushion within the cylinder is engaged as
the exhaust path is partially blocked, reducing the speed of the actuator by increasing the
flow restrictions (a more detailed description is available in Appendix D). In industrial
applications this is used to avoid collisions of the piston with the casing, thus extending
the life of the actuator. For the present purpose, it usefully provides a longer duration
deceleration event that is still sufficiently large to achieve particle motion. The speed of the
actuator is controlled by the flow restrictions (i.e., the valve settings). The measurement
limit of the accelerometer (approximately 60 g) was met at 40 psi, and therefore all tests were
performed at 40 psi, with the acceleration then being controlled by increasing/decreasing the
piston speed via the exhaust valves.
Threaded to the end of the piston is a 3D-printed frame on which the fluid bottle
containing a density-mismatched particle and the accelerometer are mounted (a detailed
image can be seen in Appendix D). Matching fluid bottles of inner diameter 23.70 mm
and height 57.50 mm were used with stainless steel (∆ρ = ρ − ρf = 6800 kg/m3), brass
(∆ρ = 7600 kg/m3), Teflon (∆ρ = 1200 kg/m3), and nylon (∆ρ = 150 kg/m3) spherical
particles ranging in diameter from 1.5 to 6.3 mm (recall ρf ≈ 1000 kg/m3). The
accelerometer, from PCB Piezotronics, was capable of making measurements at 20 kHz,
though 5 kHz was found to be sufficient to capture the acceleration events (see Figure 4.3).
The accelerometer signal is sent through a signal processing box (PCB Piezotronics), to
a data acquisition board (National Instruments cDAQ-9178), to a computer running NI
LabVIEW.
High-speed video was captured at 6400 frames per second with a Photron Fastcam
Mini UX-100, with a Micro-NIKKOR 55 mm lens (using f/2.8). Still images were captured
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with a Nikon D750 digital single-lens reflex (DSLR) camera with a Nikon AF Zoom-NIKKOR
24-85 mm lens (using f/6.3). In both situations the fluid container was backlit by a panel of
LEDs.
Preliminary experiments were performed using a 650 mL plastic bottle with a square
cross-section of side 76 mm, over-filled with a yield-stress fluid and sealed, with a solid
spherical particle or bubble embedded near the center. The bottle was slammed upwards
into a surface – an impact that typically generated accelerations beyond the limits of the
accelerometer (> 60 g). Therefore only qualitative observations of these experiments will be
made.
4.3.2 Yield-stress fluids
Five batches of Carbopol at 0.10, 0.15, 0.20, 0.25, and 0.35 wt% in distilled water,
neutralized by 0.1 M aqueous NaOH, were used in this study. As described in Chapter 1,
Carbopol is often used as a model yield-stress fluid [16–18], with a yield stress that
increases with concentration. It is usually considered “simple” in the sense that it does
not demonstrate noticeable thixotropy [19]. Particularly important in the present work is its
transparency, which allows for measurements of the particle displacements that result from
the imposed accelerations.
4.3.3 Data processing
For image processing to quantify net particle displacement ∆x, a Python code was
developed based on tools from the scikit-image package [20]. The position of the sphere is
measured with respect to the bottom of the fluid container via pixel counting. The vertical
axis of an ellipse fit to the particle edge in the image is measured in pixels and correlated to
the known particle diameter in millimeters.
The accelerometer captures data at 5 kHz. Included in Figure 4.3 is an example
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acceleration profile for one cycle of the pneumatic actuator. At t = 0, the actuator is extended
and at rest. The actuator slowly retracts downward beginning at t = 0.36 s, requiring a small
negative acceleration to start the motion, and comes to rest by t = 0.61 s. At t = 2.45 s
the piston rapidly extends, requiring a positive acceleration. This is immediately followed
by a large negative acceleration as the piston encounters the top air cushion, which rapidly
decelerates the piston with a peak acceleration of -35 g. This high-acceleration event is
the focus of the inset, with discrete points plotted to demonstrate the detail captured at a
sampling frequency of 5 kHz. In the present effort we will focus on the threshold behavior
for induced particle motion and therefore take the peak acceleration as the representative
value.
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Figure 4.3: Example acceleration for one cycle. Initially extended, the piston slowly retracts
at t = 0.36 s, requiring a small acceleration, and comes to rest at t = 0.61 s. At t = 2.45 s
the piston rapidly extends, requiring a positive acceleration, but the largest acceleration is
seen as the actuator impacts the air cushion, which rapidly decelerates the piston with a
peak acceleration of -35 g. This high-acceleration event is the focus of the inset, with discrete
points plotted to demonstrate the detail captured at a 5 kHz sampling frequency. The peak
acceleration is chosen as the representative acceleration of the event.
A critique of using the peak acceleration in the modified yield-gravity parameter,
rather than some averaged acceleration value, is acknowledged. Note that the fluid exhibits
a very nonlinear response to applied forces: the larger the instantaneous stress, the more
significant it is to the particle displacement. The peak acceleration, though occurring for
just a short duration, is therefore a reasonable characteristic value of the acceleration.
More precision in this regard would require either a thorough analysis of the instantaneous
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acceleration and position of the particle or detailed modeling/computational efforts, both of
which are outside the scope of this work.
4.4 Results and discussion
4.4.1 Observation of sinking bubble
Initial experiments to demonstrate the sinking bubble phenomenon were performed
in the large container with initially upward motion that is halted via a collision, producing
a large negative acceleration expected to be on the order of -100 g. In Figure 4.4, four cases
are observed where the system is subject to several such impacts, inducing motion of the
embedded density-mismatched object. The motion of an air bubble (∆ρ = −1000 kg/m3,
D = 11 mm), two stainless steel spheres of different diameter (∆ρ = 6800 kg/m3, D = 6.35
and 3.18 mm), and a Teflon sphere (∆ρ = 1200 kg/m3, D = 6.35 mm) were tracked via a
series of images taken after each impact (count denoted with I = 0, 1, 2, 3). Quantification
of these experiments is problematic, as the collisions are inconsistent and more severe than
the 60 g limit of the accelerometer. Nevertheless, we are able to confirm the existence of
the phenomenon and gain a qualitative understanding of its dependence on material density
and particle diameter. The displacement of each of the four objects is laid out in a row
of Figure 4.4. The two stainless steel particles vary in diameter by a factor of two, and
the displacement is 58% larger for the larger particle. The Teflon sphere, with its density
difference being 82% smaller than that of stainless steel, moves 26% as much as the steel
particle of the same diameter. These results suggest the modified yield-gravity parameter
of Eq. (4.13) is indeed relevant to the phenomenon – for smaller values of Y ′g (larger density
difference, larger diameter), the particle is less “arrested”, and therefore is expected to
move more. This observation will be confirmed in the next section with more quantitative
experiments.
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Figure 4.4: The sinking bubble and rising heavy sphere phenomenon demonstrated in a
“time-series” (counting in units of I, the number of impacts) of images for an air bubble, a
stainless steel sphere of D=6.35 mm, a stainless steel sphere of D=3.18 mm, and a Teflon
sphere of D=6.35 mm immersed in Carbopol. After undergoing three impacts with large
negative accelerations (on the order of -100 g), the displacement is larger for the spheres with
larger diameter and spheres with a larger density difference with respect to the surrounding
fluid. These trends suggest that the modified yield-gravity parameter Y ′g , which depends on
the particle diameter and density difference, is indeed relevant to the phenomenon. More
quantitative experiments follow in the next section.
The phenomenon is replicated in a smaller, more well-controlled domain, where the
acceleration is repeatable and quantifiable. In Figure 4.5 the sinking bubble phenomenon is
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demonstrated, along with the parallel phenomenon for a heavy rigid particle, in the smaller
containers on the pneumatic actuator apparatus. Here, frames from high-speed videos shot
at 6400 fps are collected, and the images are aligned to the reference frame of the fluid
container. Time t∗ = 0 is defined as the instant the piston begins its deceleration as it
engages the air cushion, with acceleration vector pointing downwards. For t∗ < 0, the
particles are stationary in this reference frame, which is moving upwards (against gravity) at
an approximately constant velocity. As the system decelerates, the bubble sinks (with some
deformation) approximately 5 mm, until t∗ = 23.4 ms. Beyond this time, the shape of the
bubble fluctuates slightly, likely due to elasticity in the fluid or oscillations due to the air
cushion, but the bubble does not rise or sink – that is, it is arrested indefinitely. Under the
same acceleration conditions, the dense, rigid, stainless steel particle rises 12 mm initially,
sinks slightly, again likely due to elasticity in the fluid or oscillations due to the air cushion,
and becomes stationary for t∗ > 60.0 ms. Both the air bubble and steel sphere keep their
relative positions as the container undergoes a small positive acceleration to return to its
initial position and velocity, with the particles having achieved net displacements against
gravitational expectation over one cycle. This suggests the acceleration during the “return”
part of the cycle is less than a critical value, i.e., Ẍ < Ẍ+crit per Eq. (4.16), though the critical





Figure 4.5: A single impact event with the sinking bubble phenomenon (top) and parallel
phenomenon for a dense stainless steel sphere (bottom), captured in a time-series of images
from 6400-fps videos. A vial of a yield-stress fluid, Carbopol in water, with a suspended
particle is carried by a pneumatic actuator upwards. At t∗ = 0 the actuator piston encounters
an air cushion causing the vial to decelerate, i.e. accelerate downwards, at a peak of -59 g. The
suspended air bubble sinks approximately -5 mm, while the steel sphere rises approximately
12 mm and recoils slightly, due possibly to fluid elasticity, before being arrested again. The
particles keep this net displacement as the container is slowly returned to its initial position,
demonstrating that rectified motion is achievable through this periodic forcing function.
Note that the appearance of each particle is slightly stretched in the horizontal direction due
to the curvature of the container wall.
Note that parallel behavior is observed for both the bubble and dense hard particle,
in both the large container and small container, confirming that the motion of the bubble
is not related to, for example, compressibility/deformation due to a pressure wave, as in
[12], or confinement/wall effects. This is a strong indication that Eq. (4.10) embodies the
relevant governing physics for this phenomenon. It is obvious that there is significant bubble
deformation during the acceleration, which certainly will have a complicated relationship
with the drag on the particle. We therefore focus on rigid particles in the next section on
displacement measurements.
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4.4.2 Regime map for onset of motion
Figure 4.6 is a regime map describing the suspension conditions for particles
undergoing rigid-body accelerations, described in terms of the modified yield-gravity
parameter of Eq. (4.13) and the fluid yield stress. The parameter space includes five
Carbopol concentrations, four sphere materials, and five sphere diameters, and each point
corresponds to three to eight measurements. Here, suspended particles (defined as measured
displacements ∆x < 0.05D) are denoted by unfilled symbols, and particles put in motion
(∆x > 0.05D) by the rigid-body acceleration are denoted by filled symbols. Brass and
steel spheres appear as circles and nylon and Teflon spheres as triangles. The modified
yield-gravity parameter Y ′g from Eq. (4.13) indeed appears to define the conditions for the
onset of motion, with clear regimes of motion and no motion. However, the critical value
separating motion and no motion is observed to be Y ′g,crit ≈ 0.013 for the three higher
yield-stress fluids (τy=56, 38, 23 Pa), and it appears to decrease to Y
′
g,crit ≈ 0.008 for
the yield-stress fluid with τy=15 Pa and to Y
′
g,crit ≈ 0.004 for the lowest yield-stress fluid
(τy=3 Pa) – that is, these critical values are smaller than the quasi-static Yg,crit = 0.048 [5]
by a factor of 4 to 12.
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Figure 4.6: A regime map denoting particles that remain arrested (unfilled symbols, with
circles denoting steel/brass particles and triangles denoting nylon/Teflon) and particles set
in motion (filled symbols) by the application of an abrupt acceleration, as a function of the
modified yield-gravity parameter, Y ′g . A dashed line is drawn as a guide to the apparent
critical value of the parameter, seen to be at least a factor of four smaller than the critical
value from theory [5] (denoted with a dotted line) and apparently a function of the yield
stress.
It is hypothesized that the lower and non-constant value of Y ′g,crit is due to transient
rheological behavior in the material, where the effective yield stress on short deformation
timescales is larger than the steady-state yield stress of the fluid. Detailed transient
rheological measurements are shown in Chapter 5; these are briefly summarized here. The
yield stress is measured as a function of a transient deformation timescale that is imposed
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with oscillatory shear and step strain-rate transient rheological tests. Short transient
timescales are achieved, with yielding, that are comparable to the abrupt accelerations
imposed by the pneumatic actuator in this study. It is observed that the yield stress
effectively increases by up to a factor of 13 for a more “abrupt” flow with a shorter
deformation timescale of ttr = 10 ms, with the effect being more pronounced for the fluids
with a lower yield stress. In the present context, the value of the yield-gravity parameter is
further modified by the timescale-dependent yield stress in the numerator, τy,tr, to
Y ′′g =
τy,tr∣∣∣∆ρ(g + Ẍ)∣∣∣D. (4.17)
This Y ′′g is used with a transient yield stress measured on a timescale of ttr ≈ 20 ms (based
on the typical duration of impact seen in the experiments) to remake the regime diagram of
Figure 4.6, shown in Figure 4.7.
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Figure 4.7: A regime map denoting conditions for particle motion (filled symbols) and
suspension (unfilled symbols) – the same data shown in Figure 4.6 but with a transient
yield-stress measurement included in the definition of the modified yield-gravity parameter.
This additional modification brings the critical condition for suspension into agreement with
the values seen in the literature at Y ′′g,crit ≈ Yg,crit = 0.048 for four of the yield-stress fluids,
though the lowest-concentration fluid still has a slightly lower apparent critical value.
It is seen that the larger transient yield stress causes the data in Figure 4.6 to
shift to the right, with the shift being more dramatic for smaller yield stresses, placing
the critical condition observed in this experiment essentially in agreement with the critical
condition from the theory [5]. There is still some discrepancy in the critical value for the
Carbopol solution with the lowest yield stress (lowest concentration) which potentially could
be rectified with a data set covering a larger range of parameters – many of the particles
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could not be initially suspended in this fluid because of its low yield stress, thus the data
here are less robust.
4.4.3 Displacement measurements
Raw displacement measurements, nondimensionalized by the particle diameter, for
the dense spheres are collected in Figure 4.8 as a function of the modified yield-gravity
parameter Y ′g with the steady-state measurement of the yield stress (top), as in Eq. (4.13),
and as a function of Y ′′g with the transient measurement from Chapter 5 (bottom), as in
Eq. (4.17). Here, coloration indicates the peak acceleration, varying from Ẍpeak = −60 g
to +45 g. Displacement is seen to increase with the magnitude of acceleration and with
particle density (stainless steel/brass spheres are denoted with circles, nylon/Teflon spheres
with triangles). Displacement is largest as Y ′g → 0 and decreases to zero at an apparent
critical value of Y ′g,crit ≈ 0.013 based on the steady-state yield stress (Figure 4.8(a)). As
discussed above, this is less than the theoretical critical value from the literature, though
this discrepancy is reduced when the parameter is defined using transient yield-stress
measurements, as demonstrated in Figure 4.8(b), where it is seen that Y ′′g,crit ≈ Yg,crit = 0.048.
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Figure 4.8: Collection of displacement measurements, nondimensionalized by the particle
diameter, as a function of the modified yield-gravity parameter, defined with (a) the
steady-state yield stress as Y ′g , as in Eq. (4.13), and with (b) the transient yield stress
as Y ′′g , as in Eq. (4.17). The data points are colored according to the peak of the imposed
acceleration, and steel/brass spheres are indicated with circles and nylon/Teflon spheres are
indicated with triangles. The displacement is seen to decrease with the modified yield-gravity
parameter to zero at a critical value of Y ′g,crit ≈ 0.013 when the steady-state yield stress is
used in the definition. When the transient yield stress is used, the critical value approaches
the theoretical value: Y ′′g,crit ≈ Yg,crit = 0.048.
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4.5 Conclusions
This chapter demonstrates a counterintuitive phenomenon – a sinking air bubble and
rising heavy steel sphere – in a yield-stress fluid undergoing periodic rigid-body accelerations.
Through the combination of a highly asymmetric periodic acceleration and the extreme
shear-thinning nature of a yield-stress fluid, rectified motion is created against gravitational
expectations. This phenomenon is rationalized via the derivation of a governing equation,
Eq. (4.10), whose forcing function suggests a modification to a dimensionless parameter
used for decades in the literature without consideration of hydrostatic acceleration. This
“modified yield-gravity parameter” accounts for rigid-body acceleration, and its utility is
confirmed via a novel experiment capable of imposing large, abrupt accelerations. These
experiments demonstrate the existence of a critical value of the parameter, above which a
particle remains arrested due to the yield stress of the fluid. This critical value was observed
to be smaller than that found in the literature by 73%, and is apparently dependent on the
yield stress of the fluid. However, when a “transient” yield-stress measurement is used in lieu
of a steady-state measurement, accounting for the short deformation timescale t ≈ 20 ms in
the abrupt acceleration (Chapter 5), the critical value is independent of concentration and
is in remarkable agreement with the critical value obtained from quasi-steady continuum
assumptions. Thus, the usage of the yield-gravity criterion in highly transient systems has
been demonstrated through modification of its associated forcing function and consideration
of the transient yield stress.
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during highly transient flows
Careful consideration of the conditions necessary for the sinking bubble phenomenon in
Chapter 4 calls into question “the” yield stress of a fluid: Is the value of a parameter typically
characterized with long-timescale tests the same during an event with a duration on the order
of a hundredth of a second? Here, two kinds of rheological experiments are used to measure
the yield stress of a material (Carbopol in water) as a function of the transient timescale of
the deformation. In the first, a step-function strain rate is imposed and the stress response
is tracked during the initial transient. The static yield stress is quantified as a function of
the inverse of the imposed strain rate, which represents a transient timescale. In a second
test, a large-amplitude oscillatory shear (LAOS) amplitude sweep is performed: a sinusoidal
strain rate is imposed at increasing amplitudes, and the yield stress is determined at the
crossover point of the first-harmonic storage and loss moduli, G′1 and G
′′
1. Here, the inverse
of the imposed frequency is the relevant transient timescale. The results demonstrate that the
yield stress increases at shorter transient timescales (higher strain rate and frequency), i.e., as
the flow becomes more abrupt. Further, the thixotropy of the fluids is observed via a strain
rate step-down test and a simple fitting model is used to identify a thixotropic restructuring
time as a function of the initial imposed strain rate. As an additional contribution, a new
use of a general flat-plate correction procedure is applied to the transient data.
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5.1 Introduction and background
Analyses of yield-stress fluid flows rely explicitly or implicitly on measurement of “the”
yield stress of a material, obtained typically from a series of long-duration steady flows of
constant strain rate or stress. While there are acknowledged difficulties in precisely defining
the yield stress, especially in thixotropic materials [1, 2], this chapter raises an additional
concern: What if the yield stress measured at steady state is not the relevant yield stress
during highly transient flows?
There are indeed some applications, e.g., in the sinking bubble phenomenon
(Chapter 4), during yield-stress drop impacts [3, 4], or in ballistic impacts [5, 6], in which
deformation occurs on timescales much shorter than those typically used to quantify
fluid rheology. Of particular note is the work by Lee et al. [5] which studied the use
of shear-thickening fluids added to body armor, leading to improved ballistic resistance.
However, note that shear-thickening rheology can be encapsulated in a series of steady-state
measurements – in the present effort, we consider transient measures of the yield stress that
suggest a dependence of the rheology on the timescale of the flow.
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Figure 5.1: “Steady-state” rheological measurements (duration ∼10 s to 30 s) are not
necessarily relevant to highly transient, high-stress events, which can occur over timescales
on the order of 0.01 s, and characteristic stresses much larger than are probed in typical
rheological experiments. Here as an example, the characteristic stresses from applying an
acceleration of ∼60 g to a 6 mm-diameter stainless steel sphere (shaded) and air bubble
(diagonal lines) are considered. The steady-state measurements (unfilled), whose regime is
denoted at the left of this Pipkin space [7], are not necessarily representative of the rheological
conditions seen during the high-acceleration events at shorter timescales.
Using Pipkin-space concepts from [7], the regime of a typical steady-state rheological
experiment is plotted alongside the characteristic times and stresses imposed during a
rigid-body impact of a fluid container with a density-mismatched particle in Figure 5.1.
“Steady-state” measurements for yield-stress flow curves are typically made by imposing a
steady strain rate, waiting through an equilibration period of ∼10 s, and tracking the torque
response for perhaps up to ∼90 s, with the steady-state stress reported when the signal varies
by less than a few percent over a duration of 10 to 30 s. Included here as an example is the
range of stresses observed in testing the rheology of the yield-stress fluids from Chapter 4.
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The deformation timescales and stresses seen during an abrupt deceleration (impact) do not
fall within this regime. We take as the range of timescales those experimentally observed in
Chapter 4:
ttr,min = 0.02 s
ttr,max = 0.06 s
(5.1)
which are the impact time and the actuator extension time, respectively. The characteristic
stress during acceleration is
τchar ∼
∣∣∣∆ρ(g + Ẍpeak)D∣∣∣ (5.2)
for acceleration Ẍ, as in the denominator of the modified yield-gravity parameter of
Chapter 4 (Eq. (4.17)). Considering two cases, a 6 mm-diameter stainless steel sphere
(∆ρ = 6800 kg/m3), and a 6 mm-diameter air bubble (∆ρ = −1000 kg/m3), the maximum
characteristic stress is defined as that seen during an aggressive acceleration event with peak
acceleration Ẍpeak = −60 g and the minimum stress is defined for a quiescent suspension
with Ẍpeak = 0. Then
τmin,steel = 400 Pa τmin,bubble = 59 Pa
τmax,steel = 24000 Pa τmax,bubble = 3500 Pa
(5.3)
which define the “abrupt deceleration experiments” regime in Figure 5.1.
We conclude that standard steady-state rheology measurements are not necessarily
representative of the rheology during highly transient events, and propose here a novel
interpretation of a yield stress that depends on the transient timescale ttr from two rheological
tests that are more emblematic of highly transient flow scenarios. It will be shown that, by
some definitions, the yield stress of the material will increase with the flow “abruptness” –
which we define as the inverse of the transient timescale.
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5.2 Description of equipment and testing protocol
5.2.1 Rheometer and geometry detail
The rheological measurements were performed on an ARES-G2 (TA Instruments)
separated motor/transducer rheometer. The measurement geometry was a 25 mm-diameter
flat plate with 600-grit sandpaper on both the upper and lower surfaces to eliminate slip.
Separation distances between 0.5 and 1.5 mm were tested (see Appendix F for demonstration
of gap independence). Temperature was maintained at 25oC by a Peltier system in the
bottom plate.
5.2.2 Carbopol preparation
Five batches of Carbopol 980 were prepared at concentrations of 0.10, 0.15, 0.20,
0.25, and 0.35 wt% in distilled water. The samples were neutralized with 0.1 molar aqueous
NaOH. As described in Chapter 1, Carbopol is often used as a model yield-stress fluid [8–10]
with a yield stress that increases with concentration. It is usually considered “simple” in the
sense that it does not demonstrate noticeable thixotropy [11]. The rheology of Carbopol has
been characterized in steady-state flow curves [12], and in large-amplitude oscillatory shear
stress (LAOStress) [13, 14] and strain (LAOStrain) [15].
5.2.3 Testing protocol
Start-up shear and step-down thixotropy
The transient rheology of the fluids was characterized via two testing protocols. In
the first, the time-dependent stress response to a start-up and step-down imposed strain rate
was collected. Here, the inverse of the imposed shear rate γ̇0 ∈ {0.1, 0.3, 1, 3, 10, 30, 100} s−1
is interpreted as a transient timescale ttr ∈ {10, 3.3, 1, 0.33, 0.1, 0.033, 0.01} s. The scheduling
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for the test can be seen in Figure 5.2: a 20 s step-function strain rate γ̇0 (from the above
list) is imposed, followed immediately by a 20 s step-down to 0.1 s−1, followed immediately
by a 10 s step-down to 0 s−1 to allow the material to reset. This process is repeated for each
strain rate γ̇0. The signature of a static yield stress in the start-up responses is sought, which
is anticipated to be a function of the imposed strain rate. This is relevant to the start-up
of initially quiescent systems, and is manifested as an overshoot of the stress beyond the
steady-state stress measurement [16]. Note that the apparent stress measurements from the
rheometer must be corrected to obtain the true stress: this procedure will be discussed in
Section 5.3.1.
Figure 5.2: The scheduling for the start-up shear/thixotropy tests: a start-up strain rate of
γ̇0 ∈ {0.1, 0.3, 1, 3, 10, 30, 100} s−1 is imposed for 20 s, followed by a step down to γ̇0 = 0.1 s−1
for 20 s, followed by a rest/reset period of 10 s at γ̇0 = 0. We seek a static yield stress in
the response of the start-up tests, and thixotropic signatures in the step-down tests.
Additionally, thixotropic behavior is examined in the step-down responses, which
would manifest itself as a stress that increases with time to the steady-state value, i.e., as
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the fluid is allowed to build up structure at the lower strain rate. This is measured as
a function of the initial strain rate γ̇0 ∈ {0.3, 1, 3, 10, 30, 100} s−1. Details regarding the
interpretation of thixotropic data will be discussed in Section 5.3.2.
Amplitude sweep
In the second test, the stress response is measured during an oscillatory amplitude
sweep at constant oscillation frequency in a large-amplitude oscillatory strain (LAOStrain)
test. Here, the inverse of the oscillation frequency ω ∈ {1, 3, 10, 30, 100} rad/s is interpreted
as a transient timescale ttr ∈ {1, 0.33, 0.1, 0.033, 0.01} s. At each frequency, the strain
oscillation amplitude is increased in steps from 0.01 to 500%, and the first-harmonic
storage (G′1) and loss (G
′′
1) moduli are measured (the raw oscillatory waveforms carry more
information that is not analyzed here [17, 18]). The yield stress is defined as the oscillation
stress at which the storage and loss moduli cross over, indicating a transition from solid-like
to liquid-like behavior [16]. Again, this data must be corrected to obtain the “true” stress
(Section 5.3.1).
Note that a similar study was recently performed by Dinkgreve et al. [19], measuring
both the start-up and LAOS behavior of Carbopol. There, however, the rheology was
explored on much longer timescales: 0.005 to 0.05 s−1 and 0.1 to 10 Hz for the start-up
and oscillatory tests, respectively.
5.3 Data processing
5.3.1 Stress corrections
For a flat-plate geometry, the local strain rate increases with radial position in the
fluid, and so the “apparent” stresses must be corrected to ascertain the “true” stresses.
It should be noted that this isn’t necessarily a trivial correction and it relies on the
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calculation of partial derivatives, necessitating the collection of a robust dataset. In many
cases the difference between the apparent and true stresses is more than a quantitative
offset, e.g., uncorrected data can mask the significance of fluid nonlinearities [20]. This
inhomogeneity is not an issue in cone-and-plate geometries, but flat-plate geometries are
preferred in many situations, especially where slip artefacts are a concern.














For a start-up steady shear test, we write γ̇ = γ̇0H(t) for a step function to constant γ̇0, and
Eq. (5.4) becomes













Multiple tests are performed for γ̇0 ∈ {0.1, 0.3, 1, 3, 10, 30, 100} s−1, and each apparent stress
measurement (at a particular time and strain rate) is corrected via a numerical derivative
calculated at the same time in other start-up tests, based on a central-differencing scheme
(with one-sided differencing at the lower and upper limits). Note that this correction cannot
be performed for the step-down (thixotropy) tests, where the final shear rate is 0.1 s−1 in
each test and therefore the partial derivative cannot be evaluated. However, for perfectly
plastic deformation (a reasonable approximation for Carbopol after yielding), the partial
derivative in Eq. (5.5) becomes zero such that
τ (plastic) = 3
4
τa. (5.6)
Measurement of the thixotropic timescale is not expected to be appreciably affected by the
stress correction, so we simply use Eq. (5.6) for the correction to the step-down data.
The correction for oscillatory tests where γ = γ0 sin(ωt) again begins with Eq. (5.4),
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which is rearranged to obtain
τ(t; γ0, ω) =
3
4






The true and apparent stress can be represented in Fourier series as





n(γ0, ω) sin(nωt) + γ0G
′′
n(γ0, ω) cos(nωt)]










where the Fourier coefficients in general depend on the strain amplitude and oscillation
































































































Since the yield stress will be determined from the crossover point of G′1 and G
′′
1 as a function
of oscillation stress, only the first-harmonic information (storage and loss moduli) is needed
from the rheometer.
5.3.2 Thixotropic time scale
To extract a thixotropic timescale, a fit is performed on the step-down stress response
using a stretched exponential function [23]
τ = τ∞ + (τ∞ − τ0) [1− exp (− [t/λ]r)] . (5.12)
At short timescales, the stress response is confounded by the motor speed change and
viscoelastic effects. Regarding the latter, Mewis and Wagner [24] distinguish the response
of a viscoelastic and thixotropic fluid (Figure 5.3). For (a) an input step-down strain rate, a
purely viscoelastic fluid (b) will show a gradual decrease to the new steady-state stress as if
the initially highly strained elastic components of the fluid are relaxing with time. A purely
thixotropic fluid (c) will initially show a lower stress that rises to the new steady-state value,
as the initially broken-down fluid structure is allowed to rebuild at the lower strain rate.
As will be seen in the present work, real fluids (d) sometimes demonstrate both of these
phenomena. We will focus our attention on the behavior after the stress minimum where it
can be claimed that the thixotropic phenomenon becomes dominant over the viscoelasticity.
Fits will be performed for times t > tmin + 0.3 s. Note the motor ramp time is estimated by
the manufacturer to be 0.02 s – an order of magnitude smaller than the time at the stress
minimum.
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Figure 5.3: The stress response from (a) a step-down strain rate input will be different for
(b) a purely viscoelastic fluid and (c) a purely thixotropic fluid. General fluids might respond
as in (d), with both viscoelastic and thixotropic behaviors present.†
5.4 Results and discussion
5.4.1 Start-up shear
The stress responses to the start-up strain rate tests are presented in Figure 5.4. In
all cases, the peak in the (corrected) stress response is not confounded by the motor ramp
time of 0.02 s. These peak stresses are the static yield stresses relevant to the abrupt onset
of flow – these measures are collected in Figure 5.5 as the “start-up” yield stress.
†Reprinted from Advances in Colloid and Interface Science, 147, J. Mewis and N.J. Wagner, “Thixotropy”,
1-20, Copyright (2009), with permission from Elsevier.
95
Figure 5.4: Stress overshoots are observed in the transient stress response to a start-up shear test for Carbopol (concentrations
of 0.10, 0.15, 0.20, 0.25, and 0.35 wt% in water), with the overshoot becoming more prominent at larger strain rates. This
overshoot is a signature of a static yield stress, which is measured here as a function of the final steady strain rate between 0.1
and 100 s−1 and compiled into Figure 5.5.
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Figure 5.5: Summary of yield-stress measures from the steady-shear start-up tests, defined
as the peak stress during the transient. The transient yield-stress is seen to increase with
the inverse transient timescale (the start-up strain rate) for all concentrations of Carbopol,
suggesting the yield stress is a function of transient timescale.
5.4.2 Amplitude sweep
The storage and loss moduli, G′1 and G
′′
1, from the oscillation strain sweep tests are
plotted as a function of oscillation stress in Figure 5.6. Highlighted in each figure is the
location of the moduli crossover – the oscillation stress at the crossover point is defined as
the crossover yield stress and is compiled in Figure 5.7.
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Figure 5.6: The storage and loss moduli, G′1 and G
′′
1, are plotted as a function of oscillation stress amplitude for oscillation
frequencies between 1 and 100 rad/s for Carbopol (concentrations of 0.10, 0.15, 0.20, 0.25, and 0.35 wt% in water). The yield
stress, defined as the oscillation stress at the crossover point, is highlighted with a cross for each frequency. The yield stress
is seen to increase with oscillation frequency for all Carbopol concentrations, suggesting that the yield stress is a function of
transient timescale.
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Figure 5.7: Summary of yield-stress measures in LAOStrain tests defined using the oscillation
stress at the G′1 = G
′′
1 crossover point. The transient yield stress is seen to increase as the
deformation timescale decreases for all concentrations of Carbopol in water.
5.4.3 Thixotropy
The stress responses in the step-down strain rate tests are collected in Figure 5.9, with
the curve fits of Eq. (5.12), from which the thixotropic timescale is defined, demonstrated
in Figure 5.8. The fit beyond the minimum stress point on each of the curves, where
thixotropy is expected to become dominant over viscoelasticity, is quite good. The values of
the thixotropic timescale, defined as the stretched exponential time constant from the fits,
are summarized in Figure 5.10 for all initial strain rates and concentrations. The thixotropic
timescale increases slightly with the inverse transient timescale (i.e., the initial strain rate),
with similar behavior seen for all concentrations of Carbopol. The average thixotropic
timescale of this data set is 1.9 s – a relatively short restructuring time in comparison
to known thixotropic fluids (e.g., clays), though definitions of the thixotropic timescale are
not universally agreed upon. While a thixotropic restructuring timescale on the order of one
second is two orders of magnitude larger than an impact event (O(0.01 s) in duration), the
data suggest that viscoelastic effects are dominant on timescales comparable to the impact
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duration (see Figure 5.3).
Figure 5.8: Fit of Eq. (5.12) (in black) to the 0.35% Carbopol step-down data (from
Figure 5.9) demonstrate quite good agreement beyond the stress minimum. Fits are
performed for t > tmin +0.3 s, where it is expected that the thixotropic behavior is dominant
over motor ramp artefacts (t < 0.02 s) and viscoelasticity. From the fit, we extract the
stretched exponential time constant, which we define as the thixotropic timescale. These
timescales are summarized in Figure 5.10.
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Figure 5.9: Thixotropic behavior is observed in the stress response of Carbopol (concentrations of 0.10, 0.15, 0.20, 0.25, and
0.35 wt% in water) subjected to a step-down in strain rate, for initial strain rates of 0.3, 1, 3, 10 30 and 100 s−1. In all cases
the final shear rate is 0.1 s−1. Viscoelastic effects are seen at short times, with thixotropy becoming the dominant phenomenon
beyond the stress minimum. The thixotropic timescales are summarized in Figure 5.10.
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Figure 5.10: A summary of the thixotropic timescales, fitted from steady-strain rate
step-down data, plotted as a function of inverse transient timescale (i.e. the initial strain
rate) for the five concentrations of Carbopol (0.10, 0.15, 0.20, 0.25, 0.35 wt% in water). The
thixotropic timescale is seen to increase slightly with strain rate for all concentrations of
Carbopol. While the average timescale (1.9 s) is relatively short compared to that of typical
thixotropic fluids (e.g., clays), this timescale is several orders of magnitude larger than the
duration of an impact event. However, it is expected that viscoelastic effects will play a
larger role during abrupt impacts.
5.5 Summary and conclusions
The Pipkin diagram in Figure 5.1 is modified in Figure 5.11 to include the timescales
and stresses explored in the transient rheology measurements of this chapter. Note that
the transient experiments performed measure fluid properties on the timescales associated
with the abrupt deceleration experiment. However, the maximum stresses associated with
the air bubble and steel sphere (at the largest accelerations seen in the abrupt deceleration
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experiment) are 1-to-2 orders of magnitude higher than those explored by the start-up shear
and oscillatory strain sweep tests.
Figure 5.11: The stresses and transient timescales explored in the start-up shear and
oscillatory strain sweep tests are added to Figure 5.1. It is seen that the relevant timescales
of the flows associated with abrupt decelerations are covered by the oscillatory and start-up
transient stress measurements. The stresses associated with the initially suspended air
bubble are partially explored, while those associated with the initially suspended steel sphere
are not reached by the rheological tests in this study.
The yield stress measurements as a function of the transient timescale are summarized
in Figure 5.12. Normalization by the measured steady-state yield stress value provides
immediate confirmation that the yield stress is a function of the transient timescale, with
the increase being more significant for the lower concentrations of Carbopol.
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Figure 5.12: The transient yield stress, normalized by the steady-state yield stress, is seen to
increase with the inverse transient time (ttr ∼ 1/ω or 1/γ̇0), demonstrating that the relevant
yield stress in abrupt flows (flows with a small deformation timescale) is larger than that
obtained from steady-state rheological measurements.
Analyses of “abrupt” flow scenarios involving yield-stress fluids, including the
sinking bubble phenomenon in Chapter 4 and yield-stress droplet impacts, require careful
consideration of the relevant yield stress. Rheological measurements emblematic of highly
transient events have demonstrated that the yield stress of a material, presumed throughout
the literature to be a constant property, can be a function of the deformation timescale.
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This dissertation describes two complex flow situations – 1) the fluidization of freshly-poured
concrete by vibration, which allows for the motion/release of entrapped air voids, and 2)
the “sinking bubble phenomenon”, where bubbles and other density-mismatched particles
are driven against gravitational expectation by rigid-body motion – in which the nature of
the fluid rheology changes in response to external forcing. This chapter summarizes these
contributions and discusses future directions of research.
6.1 Summary of contributions
Heretofore, the rheology of fresh concrete has been described primarily using the
Bingham model, which includes as a material property “the” fluid yield stress. In Chapter 2
it is shown that this understanding is incomplete – concrete indeed has yield-stress behavior
at rest, but the Bingham model does not include the additional physics necessary to describe
the fluid during vibration. Via experiments with surrogate materials, it is demonstrated
that concrete is best described as a granular material, and a vibrated granular constitutive
law of Hanotin et al. [1] is identified as a more useful model for the rheological behavior
of concrete during vibration. This constitutive law predicts fluidization during vibration,
which rationalizes the phenomenon of air release in fresh concrete.
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Chapter 3 describes in more detail what distinguishes granular materials from other
soft glassy systems. Two key signatures are proposed and quantified: depth-dependent
rheology and vibration-dependent rheology. Granular materials have a yield stress that
increases with depth due to the increasing confinement pressure, but the yield stress is
eliminated as the granular force chains are destroyed by vibration. These responses are
not seen in soft glassy systems in general, thus distinguishing granular materials from other
jammed, repulsive systems.
Chapter 4 introduces a new phenomenon, the “sinking bubble phenomenon”, in
which a density-mismatched particle in a yield-stress fluid can be driven in any direction,
including against gravitational forcing, through periodic rigid-body motion. A modification
to the yield-gravity parameter is proposed to account for rigid-body accelerations, and
the phenomenon is described theoretically under the presumption that a critical value of
this parameter exists. Importantly, this flow situation necessitates consideration of the
transient rheology of the yield-stress fluid described in Chapter 5. There, two protocols
provide measurements of the rheology as a function of a transient timescale: a startup shear
test, where the step strain rate is interpreted as the inverse of a transient timescale; and a
large-amplitude oscillatory strain test, where the oscillation frequency is considered to be
an inverse transient timescale. As part of the analysis, a new use of a general flat-plate
correction procedure is applied to the transient data. The measured yield stress is seen to be
an increasing function of the inverse transient timescale – that is, the yield stress increases
as the deformation becomes more abrupt. Indeed, accounting for the transient yield stress
brings the critical value of the proposed modified yield-gravity parameter into agreement
with the critical value seen in studies of quasi-static flows.
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6.2 Topics for future research
The characterization of fresh concrete as a granular material rationalizes its response
to vibration. It further suggests that concrete has depth-dependent rheology, though this
was not measured in this dissertation. Such a measurement would be impactful – as
suggested by the parameter Π1, Eq. (3.9), the yield stress of concrete can be expected
to change appreciably over realistic pour depths, which means modeling efforts, e.g., in
form-filling simulations [2], will provide incorrect predictions if the simple Bingham model
is used. Further, granular wall friction (the significance of which has been noted in silo
grain storage [3]), could rationalize observations in the literature [4] of formwork pressure
departing from hydrostatic values. The predicted cone-shaped region of influence that results
from the depth-dependent rheology could be inferred after the concrete has hardened, using
polishing techniques (as in Figure 3.2) and seeking a region depleted of air bubbles or with
excessive aggregate sedimentation. There is perhaps a connection between the mechanism
of probe vibration in fresh concrete and the burrowing dynamics of the Atlantic razor clam.
As described by Winter et al. [5], the clam rapidly contracts part of its body to fluidize
the surrounding soil, reducing the drag force as the clam burrows and therefore reducing its
energy expenditure. The theory and experimental approaches described in [5] may provide
a starting point for further analysis of the concrete probe vibration region of influence.
While this dissertation has described a new material understanding relevant to the
practical use of vibration in fresh concrete, thereby rationalizing the mechanism of air release,
a predictive model of the evolution of the bubble distribution is yet to be described. This
can largely be attributed to a breakdown of the continuum description at the length-scale
of bubbles and sand grains: the dynamics of bubble motion will include phenomena such
as contact-line pinning, deformation, aggregation, and breakup as the aggregate vibrates
and rearranges, leading to a description that is more complicated than the macro-scale
quasi-Newtonian rheology would suggest. Additionally, there is evidence of the formation
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of bleed channels during vibration, along which a disproportionate amount of air is released
from the fresh concrete. These are not well-understood, though anecdotally a majority
of air is thought to be released through such channels. Further study of the effect of the
vibration environments on the bubble/aggregate interaction will be challenging but necessary
to develop a predictive model of bubble population evolution.
The surrogate environment described in Chapter 2 may provide an avenue to
research some of these topics. The effect of varying aggregate parameters (shape, density,
elasticity, dispersity), fluid parameters (yield stress, viscosity, surface tension), and vibration
parameters (amplitude, frequency, probe diameter) can be tested in the apparatus described
in Chapter 2 and Appendix A, providing insight into, e.g., the roles of grain reorganization
and contact-line pinning, as well as the shape of the vibration region of influence. Note that
cement paste is itself a yield-stress fluid, and its rheology is highly relevant to the motion
of micron-scale bubbles in the system. Further modeling and experimental efforts could
focus on the rheology of the interstitial fluid, with Carbopol being a good candidate for
experimental work due to its transparency.
More fundamentally, additional work is necessary to elucidate more clearly the
complex effect of vibration in soft, dissipative media. Chapter 3 included as case studies
Carbopol, which is relatively soft with a high packing fraction and small structural size, and
a glass bead system, which is inelastic with macroscopic grains. Further work would isolate
the effects of packing fraction, elasticity, friction coefficient, etc., including studying other
soft glassy systems such as foams and emulsions, to further refine the definition of what it
means to be granular. Of particular note are yield-stress fluids with sparse microstructure
(e.g. clay suspensions or other particle suspensions structured by attractive rather than
repulsive particle-particle interactions), which are not jammed or “granular”, but whose
structure may be susceptible to breakdown by vibration.
Regarding the sinking bubble phenomenon, the yield stress of Carbopol provides a
threshold that allows for some intuition: exceed the acceleration threshold in the negative
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direction to create motion, don’t exceed the threshold in the positive direction to maintain
that displacement as the container returns to its initial position and velocity. This was
beneficial in the experiments of Chapter 4, as control of the fluid/particle system was quite
coarse. However, as demonstrated in Appendix E with an idealized but not unrealistic
acceleration profile, the phenomenon is possible in a shear-thinning fluid without a yield
stress. The explanation here is relatively straightforward – the viscosity of the fluid
decreases during high-stress/high-acceleration events to allow for a large displacement of
the embedded particle – though the experimental implementation is difficult, requiring
smoother control of the motion of the system. Observing the phenomenon in a shear-thinning
fluid would provide additional confirmation of the physical picture painted in Chapter 4.
Additional non-Newtonian fluids could be studied with this dynamic flow environment,
seeking phenomena related to viscoelasticity, thixotropy, or particle shape.
Chapters 4 and 5 demonstrated the significance of transient rheology in an application
– the first known application of transient yield-stress measurements to a flow phenomenon.
This is an unexplored area in rheology with further study justified by both academic and
practical interests, certainly requiring modeling efforts beyond the simple Bingham and
Hershel-Bulkley constitutive laws. The sinking bubble environment could be refined to
serve as an “impact rheometer” to explore fluid behavior at extremes in the parameter
space, probing high stresses and short timescales beyond the capabilities of most traditional
measurements. The utility is limited by the need for a representation of the drag force, but
the situation presents an opportunity to propose and explore material descriptions beyond
those based on steady-state rheological models.
This dissertation has explored two complex flow scenarios in which the analysis
required a description beyond simple yield-stress models. It is hoped that, beyond the
direct contributions described above, this work will inspire new perspectives and strategies
in future studies of non-Newtonian fluid flows.
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Supplementary information for Chapter 2
A.1 Lab-scale vibration probe
The motion of a typical concrete immersion probe can be described as orbital, with
the amplitude of oscillation smaller than the radius of the (cylindrical) probe, as illustrated
in Figure A.1. The probe is inserted vertically (along the z-direction) into a concrete slab
and vibrates in the horizontal plane. Within a cross section at z = z0, we say the axis
of rotation is located at the origin and the probe centerline is located at (rc, θc). Each
point on the probe centerline translates along a circle centered at the origin, and the probe
does not move in the vertical direction or rotate about its own axis – that is, there is no
drill-like motion. Typically this motion is produced by an eccentric weight within the probe,
driven in rotation about the probe axis at several thousand revolutions per minute. As an
example: the DeWalt probe used in Chapter 2 has a diameter of 1.125” and a rotation speed
of 14000 rpm. The amplitude of this motion will depend on the immersion medium – for the
concretes tested in Chapter 2 it was estimated to be approximately 0.05”.
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Figure A.1: A concrete vibration probe is inserted vertically into a concrete slab. In a cross
section at vertical position z = z0, we say the center of rotation is located at the origin, and
the probe centerline cuts through (rc, θc). Each point along the probe centerline translates
along a circle centered at the origin. The probe does not move in the z-direction, and does
not rotate about its own axis.
Figure A.2 shows in detail the lab-scale vibration probe designed for Chapter 2. This
probe mimics the above description of motion but operates on a different principle, using an
offset coupling to kinematically impose an amplitude. The probe is attached via an elastomer
to the frame and is guided by a central bar connected to the offset coupling. The amplitude
of the orbital motion can be varied by using a coupling with a different offset distance, and
the rotation rate can be set with a motor controller.
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Figure A.2: (a) A schematic of the lab-scale vibration probe created by connecting a
0.75”-diameter PVC cylinder to a motor via an 0.05” offset coupling. The cylinder is driven
by a central bar connected rigidly to the motor via the offset, which generates circular
translational motion (as described in Figure A.1), mimicking a concrete vibration probe.
Rotational motion is restricted by an elastomer connecting the outside of the cylinder to the
motor frame. In (b) the offset coupling is shown, and in (c) the probe is removed to reveal
the guiding central bar.
A.2 Repeatability of concrete measurements
Some batch-to-batch variability exists for the concretes tested, as can be seen when
comparing the yield stress seen for the conventional concrete in Figure 2.6 (approximately
1200 Pa) to another batch of the conventional concrete, whose rheology is shown in Figure A.3
(approximately 4200 Pa). However, Figure A.3 further demonstrates that a batch of concrete
that is continuously worked, e.g., by a rheometer, produces highly repeatable data through
at least 20 minutes after batching, with an inevitable drift towards higher stresses due
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to stiffening occurring after approximately 40 minutes. This means that back-to-back
measurements of rheology before and during vibration can be considered to have occurred
with the same material, therefore producing results that can be compared meaningfully.
Figure A.3: The rheology of the conventional concrete continuously worked by rheological
measurements was measured to be consistent through at least 20 minutes of testing, though
after 40 minutes there was a measured increase in the flow stresses. All measurements were
taken from high to low shear rates.
Good repeatability was also seen during vibration. In Figure A.4, three consecutive
measurements of concrete rheology were made, the first two with vibration on, the third with
no vibration. The rheological curves measured during vibration show the same decrease in
the shear stresses measured at low shear rates. Further, this demonstrates that the concrete
indeed recovers its yield stress when vibration ceases.
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Figure A.4: Repeat rheological measurements show consistent behavior in regards to the
amount that the flow stresses are reduced by vibration at low shear rates. Here, two
data sets were taken during vibration of a conventional concrete, followed by a rheological
measurement of the concrete without vibration. All measurements were taken from high to
low shear rates. Notably, the vibrated data sets show good repeatability, and the concrete
recovers its yield stress when vibration ceases.
A.3 Additional intruder particle experiments
Figure A.5 shows additional before-and-after images of the sedimenting stainless steel
spheres in the millimetric glass bead system during vibration with the lab-scale probe, with
the postulated fluidization line of [1] superposed. It can be seen that this line indeed separates
the region in which the granular structure is disturbed by vibration, as evidenced by the
motion of the intruders, from the region in which it is not.
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Figure A.5: Stainless steel “intruder” spheres, initially suspended in the surrogate granular
material, are set in motion by the lab-scale vibration probe if the position of the sphere is
above the fluidization angle, denoted here with a line extending from the probe end.
A.4 References
[1] A. G. Winter, R. L. H. Deits, and A. E. Hosoi, “Localized fluidization burrowing




Stress correction for torque at the geometry
support
Here the contribution of the torque at the supporting spindle is estimated and
subtracted from the stress measurements made with the rheometer. We assume that the
true steady-state stress vs. strain rate relationship of the material is Herschel-Bulkley with
a depth-dependent yield stress
τ = τy(z) +Kγ̇
n (B.1)
and that the apparent torque, as measured by the rheometer, is a sum of the torque on the
geometry and support
Ma = Mg +Ms. (B.2)
For a concentric cylinder of inner radius Ri and outer radius Ro, the small gap correlation











We assume that the small-gap relations are applicable to the support so that the strain rate










where Rg an Rs are the radius of the measurement geometry and support, respectively.





















where it is assumed, as in Eqs. (3.1) and (3.2), that the yield stress will increase linearly































Figure B.1 plots the raw data (circles) and the data corrected with Eq. (B.8) (crosses)
for the glass bead system and Carbopol at depths of 25-59 mm (same data as Figure 3.5).
The correction is seen to be small, but its significance increases with depth. Notably,
the correction eliminates the apparent depth-dependent yield stress from the Carbopol
data, though there is still some apparent depth dependence at higher shear rates, possibly
attributable to unmodeled depth-dependence in the coefficients K and n in Eq. (B.1).
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Figure B.1: A plot of the steady shear data for both the glass bead system and Carbopol,
before (circles) and after (crosses) the stress correction in Eq. (B.8). The adjustment due to
the torque at the geometry support is seen to be small, but its importance increases with the
depth of the rheological measurement. Notably, the apparent depth-dependent yield stress
for Carbopol is eliminated when the torque at the support is accounted for, though there is
some apparent depth dependence at higher shear rates. This, too, is likely to be eliminated
if depth dependence in the other parameters of Eq. (B.1) is considered.
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Appendix C
Mathematical details of Chapter 4
C.1 Neglecting particle inertia
The governing equation for the sinking bubble phenomenon (Eq. (4.10) – repeated
here)





is a second-order differential equation for particle position, in which no assumptions have
been made regarding the form of the drag force. Given the small particle diameter, and the
apparent high viscosity of a yield-stress fluid, it would be reasonable to presume that an
analysis of the sinking bubble phenomenon could neglect the particle inertia in the container
coordinate (i.e., neglect the second derivative in Eq. (C.1)). For a Newtonian fluid of viscosity
µ, this argument could be based on the smallness of the Stokes Number. For a small, rigid,
spherical particle, the drag force is
FD = 3πµDẋ (C.2)
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which is used in Eq. (C.1)














where ẋ/ẍ ≡ tchar is taken to be a characteristic flow time.
The Stokes Number is a dimensionless group that describes the significance of inertia
to the trajectory of the particle: particle inertia can be neglected if Stk  1. Because a
simple analytical expression exists for the (Stokes) drag in a Newtonian fluid, Eq. (C.4) can
be used to predict if particle inertia effects will be significant based on the parameters of an
experiment a priori. For a non-Newtonian fluid, the definition of a Stokes Number is not
readily apparent, as an analytical form of the drag force is generally not available. As an
approximation, we form a ratio of the inertia and drag terms, as in Eq. (C.4), and use data
from Chapters 4 and 5 to estimate the Stokes Number and thereby address the significance
of inertia.
The magnitude of the drag force in a yield-stress fluid can be estimated as
|FD| ∼ Aτy,tr (C.5)
for particle surface area A and transient yield stress τy,tr (as measured in Chapter 5). A ratio









where we have written the characteristic acceleration as ẍ ≡ ∆x/t2tr with displacement
measurements ∆x and deceleration timescale ttr ≈ 0.02 s from Chapter 4. Note that this
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definition relies on information gathered from the results of the experiments, and thus the
Stokes Number cannot be calculated a priori from Eq. (C.6).
This definition is used in Figure C.1, where the modified yield-gravity parameter Y ′′g
from Eq. (4.17) is plotted as a function of Stk′ from Eq. (C.6) for all conditions in which the
particles had nonzero displacements. The critical value Yg,crit, above which particles will be
arrested by the fluid yield stress, is denoted with a horizontal dashed line, and the Stk′ > 0.1
region is progressively shaded to note the increasing significance of inertia. It can be seen
that a large number of the trials had Stk′ ∼ O(0.1) or smaller, suggesting that inertia did
not significantly contribute to the particle displacements. In particular, the measurements
made near the critical value of the yield-gravity parameter, Yg,crit, all have Stk
′ < 0.1. The
comparison of the critical value Y ′′g,crit to a theoretical value for quasi-static conditions, Yg,crit,
is therefore unlikely to be marred by inertial effects. Note that the density of an air bubble is
smaller than that of stainless steel, brass, and Teflon by three orders of magnitude, making
inertia certainly insignificant (Stk′  1) in that case.
Many of the trials had Stk′ ∼ O(1) or larger – in these, inertia may not be negligible,
and so the system will not be quasi-static. Additional considerations would be necessary in
any quantitative analysis, e.g., to ascertain the role of inertia in Y ′′g and Y
′′
g,crit. Note, however,
that the Stokes Number definition in Eq. (C.6) is a conservative estimate of the significance
of inertia: the characteristic drag in Eq. (C.5) effectively assumes perfectly plastic flow. A
nonzero plastic viscosity would increase the drag on the particle, thereby decreasing the
Stokes Number. Further study is warranted, including a more careful consideration of the
relevant Stokes Number in dynamic flows of a yield-stress fluid.
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Figure C.1: A Stokes Number, Stk′, is approximated for the sinking bubble phenomenon in
a yield-stress fluid using Eq. (C.6) and plotted with the modified yield-gravity parameter
Y ′′g of Eq. (4.17). Particle inertia in the container frame of reference can be neglected if
Stk′  1. It can be seen that many of the experiment conditions have Stk′ ∼ O(0.1),
including all tests where Y ′′g ≈ Yg,crit, which bolsters the conclusion that the phenomenon
can be considered quasi-static. For the conditions with Stk′ ∼ O(1) or larger, neglecting the
inertia in a quantitative analysis may be imprudent, though a more careful consideration of
how to characterize the Stokes Number in this system is warranted.
C.2 Sinking bubbles and Newtonian fluids?
Here it is demonstrated that the sinking bubble phenomenon is impossible for a
Newtonian fluid in Stokes flow. Neglecting the inertia of the particle in the container frame
of reference and assuming a rigid particle of diameter D, we use for the drag force Stokes’ law
for a sphere, Eq. (C.2), with constant viscosity µ. Then the governing equation Eq. (4.10)
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(or (C.1)) with Eq. (C.2) becomes
3πDµẋ = −V∆ρ(g + Ẍ) (C.7)




(g + Ẍ). (C.8)
Focusing on periodic motion, we integrate over one periodic cycle (of period T ) to find the
net displacement of the particle
∆x =
∮























which is the result expected for a Stokesian particle sinking or rising due only to its weight
or buoyancy. That is, the displacement is independent of the container acceleration (for




Design of the sinking bubble experiment
The sinking bubble phenomenon requires a shear-thinning fluid and an asymmetric
acceleration profile. During the high-acceleration stage, the fluid has a lower viscosity,
allowing for appreciable particle motion, and during the low-acceleration stage, the fluid has
a high viscosity (infinity, if it has an effective yield stress), which prevents particle motion.
This description of the mechanism is relatively simple, but experimentally achieving the
highly asymmetric acceleration profile in a controlled manner is challenging.
From the modified yield-gravity parameter Eq. (4.13)
Y ′g ≡
τy∣∣∣∆ρ(g + Ẍ)∣∣∣D





which is used to plot regimes of particle motion/arrest in Figure D.1. This figure isolates
the container kinematics, Ẍ/g, in the abscissa, and the fluid and particle properties,
τy/∆ρDY
′
g,crit, in the ordinate. The conditions for inducing particle motion with rigid-body
accelerations are denoted in red. A periodic acceleration profile that achieves large negative
127
values (in the left red region) and small positive values (avoiding the right red region) will
cause rectified motion of the particle against gravitational expectation. As an example: in the
preliminary hand-controlled experiments (Figure 4.4), the negative accelerations exceeded
the measurement limit of the accelerometer
∣∣∣Ẍ/g∣∣∣ ≥ 60 while the positive accelerations
were just Ẍ/g ≈ 2. For simplicity, the material properties should be chosen such that
the particle can be suspended when the system is at rest, which excludes the region in
blue. Larger displacements will be achieved for accelerations of larger magnitude, but for
an experiment of finite size, the larger-acceleration events must necessarily be of shorter
duration. Figure D.1 therefore is a map for choosing experimental conditions to produce the
sinking bubble phenomenon.
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Figure D.1: Conditions for motion and suspension depend on the container kinematics (the
acceleration), and the fluid and particle properties (yield stress, density difference, and
particle diameter). Here, these are isolated in the abscissa and ordinate, respectively, and
the conditions for particle motion are denoted in red. Experimentally, material properties
are chosen such that the particle is suspended at rest, and a highly asymmetric acceleration
profile is sought such that the system experiences a large negative acceleration (in the left red
region) and a small positive acceleration (avoiding the right red region). Example conditions
that will cause a net sinking bubble are denoted with a dashed line, with the largest negative
acceleration causing the fluid to yield and thus allowing the particle to move, and with the
positive accelerations, necessary to return the container to its initial position and velocity,
sufficiently small to not yield the fluid.
Several attempts were made to try to generate the phenomenon in a controlled setting
using equipment available in the department. The failure of each can be traced to an inability
to produce the necessary highly asymmetric acceleration profile. The instruments are briefly
summarized here.
D.1 APS 400 ELECTRO-SEIS Long Stroke Shaker
The APS 400 is a horizontal shake table that can be programmed with an arbitrary
waveform. From the manufacturer, the peak acceleration with no load in sinusoidal motion
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is
∣∣∣Ẍpeak/g∣∣∣ ≈ 10, though in practice only ∣∣∣Ẍpeak/g∣∣∣ ≈ 4 was measured for the fluid container
undergoing a programmed asymmetric waveform. Further, while the analysis in Chapter 4
can account for motion in two or three dimensions, it is more direct and more dramatic to
focus on the one-dimensional (vertical) motion with the embedded particle moving against
gravitational expectation. This was not possible with this device. We express gratitude
to Professor Alexander Vakakis for sharing this equipment, and to Randi Potekin for her
assistance with the experiments.
D.2 Instron ElecroPuls E1000
The Instron ElectroPuls is a material testing instrument with a linear motor that
allows for user-specified waveforms to be programmed. The largest acceleration possible in
this system is
∣∣∣Ẍpeak/g∣∣∣ ≈ 4.5 and the range of displacement is 6 cm. In theory, careful
choice of material parameters would allow for rectified motion of the particle with this peak
acceleration, though the motion would not be dramatic (as described in Figure D.1) and
would require numerous periodic cycles to observe any appreciable displacement. Regardless,
the control feedback loops of the instrument overcompensated following the large negative
acceleration event, causing a positive acceleration event that was nearly as large, thus
eliminating the asymmetry from the acceleration profile. We appreciate the willingness
of Professor Yuhang Hu to share this equipment and thank Yang Lai for helping to perform
the experiments.
D.3 Bose BioDynamic 5100
The Bose Biodynamic did not have the ability to program an arbitrary waveform
input and the maximum displacement of the system was just 1.2 cm. While this system
did not have the same large inertia of the previous two systems, the small displacement
precluded a highly asymmetric acceleration profile. We express gratitude to Professor Amy
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Wagoner-Johnson for use of the equipment and to Jie Wei for the assistance in performing
the experiments.
D.4 Custom pneumatic actuator setup
The pneumatic actuator apparatus described in Chapter 4 succeeds in producing a
highly asymmetric acceleration profile, with peak accelerations of
∣∣∣Ẍpeak/g∣∣∣ ≈ 60. This is
at least an order of magnitude larger than the accelerations provided by the other devices,
leading to significant rectified motion (with displacements over one cycle comparable to the
particle diameter) and repeatable results.
The failure of the other systems can be traced to their attempt to precisely control
position, which becomes inherently more difficult as the momentum of the system increases,
making the limitations of the motor apparent and leading to overcompensation in the control
loop. The pneumatic actuator apparatus makes no attempt at controlling the precise position
of the container – it instead “launches” the piston at an air cushion (described in Figure D.2).
The acceleration is varied by opening or closing an flow control valve at the actuator exhaust
(Figure D.3) and the acceleration is tracked, not imposed, with an accelerometer (placement
in the 3D-printed frame can be seen in Figure D.4). In this sense there is less control of
the kinematics than with the other devices, as the valves were not programmable, though
this setup proved to be highly repeatable (Figure D.5), providing the quantitative detail
necessary to experimentally confirm the analysis.
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Figure D.2: The fluid container is decelerated as the pneumatic actuator nears the end of
its stroke, creating an air cushion in its internal geometry. (a) As the actuator initially
extends, high pressure air entering from below pushes the piston upwards, and the air above
readily exhausts through a large channel in the center of the cylinder. (b) As the piston
nears the end of its stroke, the large channel is blocked by a plug on the piston, and the
remaining air must escape through a narrow channel. Consequently, an air cushion forms,
with the flow restrictions causing a large pressure to develop (denoted here with red shading),
preventing the piston from impacting the casing. For the purposes of this experiment, the
air cushion provides a longer-duration acceleration that is still of sufficient magnitude to
cause the sinking bubble phenomenon.
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Figure D.3: Acceleration was set by opening/closing a flow control valve at the actuator
exhaust port (see Figure 4.2). Varying the position of this needle valve increases/decreases
the exhaust flow restrictions, which correspondingly increases/decreases the speed of the
actuator. As the piston encounters the air cushion described in Figure D.2, it decelerates to
zero velocity, with a larger acceleration magnitude required for a larger incoming velocity.
While the acceleration cannot be “set”, it was measured with an accelerometer, with
numerous trials providing a wide spectrum of peak acceleration values and repeatable data.
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Figure D.4: A 3D-printed frame to hold the fluid container and accelerometer was threaded
onto the end of the pneumatic actuator. The small bottle of Carbopol with an embedded
density-mismatched particle (here, a bubble) was press-fitted into the frame, with layers of
tape ensuring a snug fit in one horizontal axis and a zip tie sliding over the cap to prevent
motion in the other. The accelerometer was press-fitted into a cubic cutout in the corner
of the frame. Because this frame is arranged compactly, with little room for flex during the
high-acceleration events, the measurements made by the accelerometer are representative of
the rigid-body accelerations experienced by the fluid/particle system.
Figure D.5: The pneumatic actuator experiments and associated analysis demonstrate good
repeatability. Here we plot the peak acceleration and displacement measurements for a
3.2 mm-diameter stainless steel sphere in 0.20 wt% Carbopol for three different exhaust valve
positions (denoted in red/yellow/blue). For the work presented in Chapter 4, measurements
at each setting are made at least five times.
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Appendix E
Prediction of sinking bubble phenomenon
in shear-thinning power-law fluids
The experimental effort and associated analysis in Chapter 4 focused on a simple
yield-stress fluid. There, a critical acceleration criterion below which the particle would
remain stationary in the frame of reference of the container was identified based on the
proposed modified yield-gravity parameter. This was used to rationalize the sinking bubble
phenomenon for a periodic forcing function: a high negative acceleration caused the bubble to
sink, and a low positive acceleration, less than the critical acceleration, was used to return
the container to its original state. This appendix demonstrates that this phenomenon is
generalizable to shear-thinning fluids without a yield stress. For a power-law fluid in creeping
flow, the drag force on a sphere of diameter D can be expected to take the form [1,2]
FD = −K |ẋ|n sgn(ẋ) (E.1)
where K and n are constants and the sign function (sgn) is necessary to make the drag force
oppose velocity ẋ. Conservation of momentum (Eq. (4.10) with FD from Eq. (E.1)) is then






for ∆ρ = ρ − ρf. Neglecting the particle inertia in the frame of reference of the container
(mẍ FD, essentially a small Stokes Number assumption – see Appendix C), the inertia of
the suspended particle is neglected and the governing equation becomes


























Thus, in Eq. (E.4) the nth-root is taken of a positive number and the velocity is therefore
real-valued. Multiplying both sides of Eq. (E.4) by sgn(ẋ), noting ẋ = |ẋ| sgn(ẋ), and using





















which will be integrated to find the displacement of the particle for a specified acceleration
(forcing) function Ẍ(t).
Necessary for the phenomenon is an asymmetric (nonsinusoidal) periodic acceleration




A1, 0 ≤ t ≤ t1
A2, t1 < t ≤ t1 + t2
(E.7)
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with periodicity conditions/constraints on the velocity and position
Ẋ(t1 + t2) = Ẋ(0) = V0 = V0 + A1t1 + A2t2 → A1t1 = −A2t2










2 → V0 = −12A1t1
(E.8)
which reduces the number of free parameters in Eq. (E.7) from four to two. That is, specifying
A1 and A2 completely defines the periodic forcing (V0 6= 0 must also be specified, though it
does not participate in the periodic forcing). It must be noted that the acceleration profile
of Eq. (E.7) is not very reminiscent of that which was experimentally imposed in Chapter 4,
where long periods of zero acceleration were interrupted by short bursts of positive or negative
accelerations as provided by the pneumatic actuator. This was relatively inconsequential, as
the fluid yield stress provided threshold conditions that allowed the system to remain static
during the pauses, and the initially suspended particle would be set in motion solely by the
acceleration bursts. However, such a luxury would not be available for shear-thinning fluids
with n 6= 0, as the object would always be in motion, either rising with buoyancy or sinking
due to its weight. We assume here the fluid container is in constant motion according to
Eq. (E.7) which, while not achievable in the setup of Chapter 4, is not an unreasonable
forcing function and will be physically elucidating.
Under the piecewise constant conditions of Eq. (E.7), Eq. (E.6) can be simply














































∣∣1/n. We choose to nondimensionalize the












for Ã1 ≡ A1/g and Ã2 ≡ A2/g. Because they appear as a ratio t1/t2, the time parameters








which predicts the net displacement over one cycle in terms of the accelerations and
power-law index n. Eq. (E.13) encompasses the behavior of both light bubbles (∆ρ < 0) and
heavy particles (∆ρ > 0) – the signatures of the phenomena will be a negative displacement
(sinking bubbles) and positive displacement (rising heavy spheres), respectively. Going
forward we will assume that A1 < 0 and A2 > 0 (and therefore Ã2/Ã1 < 0).
If
∣∣∣Ã1∣∣∣ ≡ |A1/g| < 1, then, from Eq. (E.11), s1 = s2 = +1 for bubbles and s1 =
s2 = −1 for heavy particles. Both terms in Eq. (E.13) will therefore have the same sign –
bubbles will rise, and heavy particles will sink. Necessary then is a more extreme negative
acceleration: that is, |A1| > g, which would flip the sign of s1 for both bubbles and heavy
particles and allow for rectified motion against gravitational expectation, provided that
∣∣∣∣∣Ã2Ã1
∣∣∣∣∣




We briefly explore the limiting values of the power-law index n in Eq. (E.13). The
sinking bubble phenomenon is impossible for a Newtonian fluid (n = 1) since the particle
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velocity is linear with the imposed acceleration, and thus the contribution of a periodic
forcing function to the displacement will be zero over one cycle (when particle inertia is
negligible) while gravity still acts at all times – see Appendix C. This is confirmed by
rewriting Eq. (E.14), the criterion for a sinking bubble, with Ã1 < −1 and n = 1∣∣∣∣∣1 + Ã1Ã1
∣∣∣∣∣ >
∣∣∣∣∣1 + Ã2Ã2
∣∣∣∣∣ → −1− Ã1−Ã1 > 1 + Ã2Ã2 → 1Ã1 > 1Ã2 (E.15)
a condition that cannot be true, as it was assumed Ã1 < 0 and Ã2 > 0.
An extremely shear-thinning fluid with power-law index n = 0 can be interpreted
as a yield-stress fluid. In Chapter 4, the sinking bubble phenomenon was experimentally
demonstrated and rationalized for a yield-stress fluid. There, a threshold condition
was derived to identify the rigid-body accelerations necessary to cause motion of a
density-mismatched object in the frame of reference of fluid. For a periodic forcing
function, the acceleration was kept below this threshold when positive and allowed to exceed
the threshold when the acceleration was negative, thus causing rectified motion against
gravitational expectation over a periodic cycle. The phenomenon can also be discussed in





0, |a| < 1
1, |a| = 1
∞, |a| > 1
(E.16)
for any number a, the criterion in Eq. (E.14), for n = 0, becomes simply
∣∣∣1 + Ã1∣∣∣ > ∣∣∣1 + Ã2∣∣∣ . (E.17)
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Under the assumptions Ã1 < −1 and Ã2 > 0, we have
−Ã1 − 1 > 1 + Ã2 → −Ã1 > Ã2 + 2 (E.18)
which is to say that the negative acceleration A1 must overcome the effect of gravity, while
the positive acceleration A2 is “assisted” by gravity, so A1 must be larger in magnitude than
A2 by at least 2g. Note that the yield stress is not an explicit parameter in this approach.
However, viewing Eq. (E.4) through the prism of Eq. (E.16), the critical condition for yielding
is ∣∣∣∣−V∆ρK (g + Ẍ)
∣∣∣∣ = 1 (E.19)








∣∣∣∣∣∣ = 1 (E.20)





That is, the yield stress can be set via the parameter K when n = 0.
In Figure E.1, contours of zero displacement from Eq. (E.13) are plotted as a function
of (A1/g,A2/g)-pairs for power-law indices of n = 0.01, n = 0.3, n = 0.6, n = 0.8,
and n = 0.99 for a light particle with ∆ρ < 0. Regions of negative displacement (i.e., a
sinking bubble) are progressively colored for each power-law index n, with the region for
n = 0.01 encompassing the region for n = 0.3, which encompasses the region for n = 0.6,
etc. Therefore, a less extreme negative acceleration A1 is needed for more extreme (n→ 0)
shear-thinning behavior. The phenomenon requires extreme accelerations, |A1| > 358 g, for
fluids that are nearly Newtonian (n = 0.99), and the phenomenon will be impossible for a
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Figure E.1: The sinking bubble phenomenon is possible in a shear-thinning power-law fluid.
Here, the zero displacement contours from Eq. (E.13) for power-law indices of n = 0.01,
n = 0.3, n = 0.6, n = 0.8, and n = 0.99 are plotted as a function of accelerations (A1/g,A2/g)
for the periodic piecewise-constant acceleration function of Eq. (E.7). Net negative (sinking)
displacements are possible for large negativeA1, small positiveA2 combinations, here denoted
in shades of red. Fluids with smaller n (more shear thinning) require comparatively less
extreme acceleration A1 to achieve the phenomenon. For n = 0.99 the necessary acceleration
is |A1| > 358 g, and for n = 1 the fluid is Newtonian and the phenomenon is impossible.
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Newtonian fluid with n = 1, as predicted by Eq. (E.15). This plot is paralleled for heavy
particles under the same conditions – that is, the shaded regions denote the acceleration
conditions for a rising heavy object for the various power-law indices n, as this is also
described by Eq. (E.13), though the displacements will be positive. Figure E.1 therefore
demonstrates that the sinking bubble (and rising heavy particle) phenomenon is possible
in a shear-thinning fluid, provided the assumed piecewise-constant acceleration profile of
Eq. (E.7) is representative of experimentally achievable forcing conditions.
In Chapter 4, the sinking bubble phenomenon was demonstrated experimentally for
a yield-stress fluid, which can be considered an extreme shear-thinning fluid with power-law
index n = 0. There, critical thresholds for motion rationalized the phenomenon and allowed
for a relatively simple experimental setup to demonstrate its realization and agreement with
analysis. Here, we have predicted that the phenomenon is possible for shear-thinning fluids
without a yield stress, and that the phenomenon becomes easier to achieve the more extreme
the shear thinning is, with the phenomenon being impossible for a Newtonian fluid (n = 1)
and easiest for a fluid with an effective yield stress (n = 0). While the analysis here used
a highly idealized piecewise-constant periodic acceleration profile, Eq. (E.7), and neglected
the inertia of the density-mismatched object, these assumptions are not expected to be
oversimplifications. It is therefore predicted that the sinking bubble phenomenon can be
experimentally realized for a shear-thinning fluid.
E.1 References
[1] G. Dazhi and R. I. Tanner, “The drag on a sphere in a power-law fluid,” Journal of
Non-Newtonian Fluid Mechanics, vol. 17, no. 1, pp. 1–12, 1985.
[2] K. A. Missirlis, D. Assimacopoulos, E. Mitsoulis, and R. P. Chhabra, “Wall effects for
motion of spheres in power-law fluids,” Journal of Non-Newtonian Fluid Mechanics,
vol. 96, no. 3, pp. 459–471, 2001.
142
Appendix F
Additional stress overshoot data
In Chapter 5, the stress overshoot measured during a start-up of steady shear
experiment was interpreted as the signature of a transient yield stress. There is evidence
in the literature that data measured after such an overshoot could be confounded by
shear banding, a phenomenon in which the fluid experiences an inhomogeneous strain rate,
violating an assumption of traditional rheological measurements – though the overshoot
yield-stress value is expected to still be valid. Moorcroft and Fielding [1] warn that
“experimentalists should be alert to the generic tendency to shear banding in any material
that shows an overshoot in stress vs strain during startup.” Divoux et al. [2] experimentally
measured shear banding in Carbopol and related the “fluidization time” (time to reach




for α = 2.3 and β = 272 s1−α. In Table F.1, the fluidization time of Eq. (F.1) is calculated
for the start-up shear tests in Chapter 5 and tabulated alongside the observed time of the
peak in the stress overshoot. It can be seen that, for all cases besides γ̇0 = 100 s
−1, the
fluidization time exceeds the time at which the peak stress is seen, indicating that the data
following the overshoot are potentially compromised by shear banding.
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Table F.1: Time of peak stress, tpeak, and shear banding timescale, tf, from [2], for the
start-up shear tests of 0.35 wt% Carbopol in water.
γ̇0 (s








Here additional plots are presented to demonstrate fidelity of the overshoot data. The
start-up shear experiments were performed at two different gap heights, 1 mm and 0.7 mm.
Agreement of the rheological measurements taken at different gaps provides evidence that
shear banding and slip are not present [3].
The transient stress responses for measurements made with a 1 and 0.7 mm gap
are collected in Figure F.1 for all five Carbopol concentrations studied in Chapters 4 and
5, for start-up strain rates from 0.1 to 100 s−1. Matching overshoots are captured in
all experiments, providing evidence that shear banding and slip are not confounding the
transient yield stress measurements in Chapter 5. While there is some small variability for
the 0.25 wt% and 0.35 wt% Carbopol (approximately 7%), the stresses measured at the
0.7 mm gap are larger than those measured at 1 mm – the opposite trend expected if shear
banding is occurring. This discrepancy is therefore more likely a confinement effect or sample
variability.
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Figure F.1: The start-up steady shear tests from Chapter 5 are repeated for two gap heights, 0.7 and 1 mm, to demonstrate
that the measurements are not confounded by slip or shear banding. Aside from some small sample variability in the 0.25 wt%
and 0.35 wt% samples (approximately 7% difference), the measurements are independent of the measurement gap. Notably,
the overshoot is identically present for both gap measurements, providing evidence that the transient yield stress is a material
property and not an artefact of slip or shear banding.
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